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ABSTRACT

Large Language Models (LLMs) have advanced rapidly through increases in model scale, data, and
computation, while their underlying architectures have also undergone substantial evolution. Beyond
the canonical Transformer architecture, recent designs seek greater efficiency, scalability, and flexibility
by rethinking how sequence information is processed, represented, and transformed. We survey
efficient attention and state management, modern recurrent and other linear-complexity sequence
models, Mixture-of-Experts architectures, and advances in activation functions, normalization,
residual connections, positional encoding, and tokenization. We also cover multi-token prediction and
adaptive and recurrent depth. Across these areas, we highlight key design principles and trade-offs
among representational power, optimization stability, and computational cost. Complementing this
component-wise treatment, we take a system-level perspective. We trace representative open-weight
LLM families to identify recurring patterns in how architectural choices are combined, and synthesize
these developments along four dimensions—processing structure, transformation dynamics, state
management, and output commitment—characterizing how recent designs preserve, refine, or relax
the assumptions of the canonical decoder. Together, this survey aims to provide a systematic overview
of LLM architectural evolution and to chart pathways toward next-generation designs.
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Figure 1: Overview of the recent evolution of large language model architectures. Section 15 develops this view.
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Figure 2: MMLU performance versus release date and parameter count. X-axis: release date; y-axis: MMLU
performance [157]. Dot sizes of older closed-source models are illustrative (parameter counts undisclosed). The trends
visible in this figure are discussed in Sec. 1.
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1 Introduction

Large language models (LLMs) have revolutionized artificial intelligence research and applications, demonstrating
remarkable capabilities across a wide range of tasks. As one of the most important foundation models, they now
serve as the backbone of modern Al systems, driving progress in language understanding, generation, reasoning, and
multimodal applications. The success of these models is grounded in decades of research in language modeling (Sec. 3),
culminating in architectures capable of learning from massive text corpora and exhibiting emergent abilities, such as
advanced reasoning, code generation, and complex problem solving. This progress has also benefited from substantial
long-run reductions in the cost of computation [329, 65]%, making it economically feasible to train models that would
have been prohibitively expensive just a decade ago.

A distinctive feature of modern LLM development is that capabilities tend to improve systematically when models are
trained with larger parameter counts and data. This has pushed current practice toward a regime in which scaling is a
central means of obtaining stronger language models. In this large-scale regime, contemporary LLMs commonly contain
tens to hundreds of billions of parameters, are trained on hundreds of billions to trillions of tokens, and require substantial
compute budgets. Across such scales, empirical scaling laws reveal relatively smooth relationships between model size,
training data, compute, and achievable loss [217, 168]. Across successive generations, a combination of increased scale,
improved training recipes, and refined architectures has led to steady gains on standardized benchmarks such as MMLU
(Massive Multitask Language Understanding) [157] (Figure 2), GPQA (Graduate-Level Google-Proof Q&A) [385], and
SWE-bench (Software Engineering Benchmark) [208], reflecting advances in broad language understanding, expert-level
reasoning, and practical coding ability.

The remarkable success of large language models across diverse applications has created an urgent demand for improved
computational efficiency and scalability. As models continue to grow in size and are deployed to tasks requiring
longer context windows, the computational costs for both training and inference have emerged as a major bottleneck.
Balancing efficiency and stability in large-scale training, while simultaneously advancing model performance, remains
a fundamental challenge for the field. At the core of these challenges is the model architecture, which dictates
computational complexity, optimization dynamics, and representational capacity.

While early pretrained language models were based on Long Short-Term Memory (LSTM) networks [167, 166]
(e.g., ELMo [357], ULMFIT [171]), architecturally, most contemporary LLMs instantiate variations of the modern
Transformer architecture proposed by Vaswani et al. in 2017 [489], whose core attention mechanism traces back to the
Unnormalized Linear Transformer (ULTRA) [406, 408, 420, 419] proposed in 1991 by the same lab that introduced
LSTM. A standard Transformer stack, as will be introduced in Sec. 4, typically consists of multi-head self-attention,
position-wise feed-forward network, positional encoding, residual connection, and normalization. Tokenization further
defines the interface between raw text and model inputs. Despite its empirical success and dominant status, the modern
Transformer architecture exhibits inherent inefficiencies that become increasingly pronounced at scale, underscoring
the need for targeted improvements to its core components. The primary source of inefficiency, especially for long
sequences, is the quadratic computational complexity of the self-attention mechanism [465], O(T?) with respect to
sequence length T, together with the linear growth of the key—value (KV) cache [432, 147] during inference, which
heavily strains memory resources. These limitations have motivated extensive research into alternative architectures.

Recent efforts to address them can be broadly categorized into two directions. The first category comprises Efficient
Attention and KV Cache Management. These methods preserve the core structure of quadratic attention while reducing
the effective computational cost and memory usage (especially regarding the growth of the KV cache) by decreasing the
number of key—value pairs involved in the computation. Efficient attention methods can be organized along four axes
of KV storage and access, with different implications for attention computation: token-oriented [46, 547, 282, 519],
head-oriented [432, 1], dimension-oriented [73], and layer-oriented [270, 591]. Token-oriented methods use fixed or
input-dependent selection, eviction, or merging to reduce attended or stored entries; head-oriented methods share KV
heads among query heads; dimension-oriented methods compress cached representations; and layer-oriented methods
share KV states across layers. These changes primarily target storage and memory traffic, and only some also reduce the
quadratic arithmetic cost of dense attention.

2Nordhaus [329] reports an average logarithmic improvement rate of approximately 45% per year in constant-dollar computational
performance since 1945, using data extending to 2006. Coyle & Hampton [65] estimate a 100-300x reduction in computation costs
since 2000, depending on the index construction.
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The second category, which we refer to as Linear Language Models, seeks linear or near-linear complexity through
a more fundamental architectural shift. Instead of modifying or sparsifying quadratic attention, these approaches
adopt alternative sequence modeling mechanisms that avoid explicit pairwise token interactions, thereby achieving
intrinsically linear scaling. The technical roots of linear language models can be traced back to fast weight programmers
(FWPs) [406, 408, 416] and LSTM. ULTRA in 1991 represents the early linear architecture, which is an FWP with the
additive outer-product fast-weight principle. This principle resurfaces in modern linear attention: Katharopoulos et
al. [219] proposed kernel-based mechanisms to approximate quadratic attention, which are mathematically equivalent
to ULTRA equipped with a feature map on queries and keys and a running normalizer [403], and further highlighted
the close connection between linear attention and linear recurrent neural network (RNN) formulations. LSTM is an
influential precursor on the recurrent side: it maintains a bounded, constant-size state updated additively under an
input-dependent decay [117], from which outputs are read (its constant-error carousel [167] can also be seen as the
residual connection which is now ubiquitous in deep networks [444, 152, 415, 418]). Recent research has introduced
linear recurrent models derived from RNNs [343, 352] and LSTM [24], FWPs [403, 540, 541, 354], and state space
models [135, 136, 70]. Despite their diverse appearance and origin, these models share a common recurrent skeleton
such that their core linear operators can be analyzed within a unified framework [540, 498]. Notably, the recurrent state
update in some of these models can be interpreted as the online update mechanism in FWPs: each new token provides a
key—value association, and the model immediately updates its state during the forward pass, analogous to analytic online
regression or one step of online gradient descent [541, 498]. This form of test-time adaptation was already present in
the 1991 FWP/ULTRA [406, 408]. Current research actively investigates both the representational capacity in linear
models [294, 131] and the development of hybrid architectures [72, 24, 12, 321, 541, 196] that combine linear operators
with quadratic attention to balance efficiency and expressiveness.

Beyond the attention mechanism, feed-forward network (FFN) layers represent another critical target for improvement.
As the primary channel-mixing component and a major repository of model knowledge, FFNs can dominate the
computational load when sequence length is not the primary factor. To address this, the Mixture of Experts
(MoE) [144, 200, 211] architecture has emerged as a promising technique for scaling model capacity without a
proportional increase in computational cost [434, 246, 96]. Sparse MoE replaces selected FFNs with multiple expert
sub-networks and routes each token to a small subset (e.g., top-2). Only the selected experts are evaluated for that
token, so expert computation scales with active rather than total expert capacity. This enables a larger total parameter
capacity at a comparable per-token expert-compute budget [62]. Realized training and inference speed also depends on
routing, communication, load balance, and implementation. Recent efforts focus on routing strategies [96, 248, 579],
module integration [382, 246, 68, 563], and training stability [590], with successful adoption in several large-scale
models [515, 313, 68, 435, 320].

Another critical component within the FFEN layers is the Activation Function, which provides the non-linearity
enabling models to learn complex patterns [142]. Activation designs include the ReLU/ELU family, such as Rectified
Linear Unit (ReLU) [105, 106] and Scaled Exponential Linear Unit (SELU) [231], and smooth functions such as
Gaussian Error Linear Unit (GELU) and Sigmoid Linear Unit (SiLU) [156, 92]. Swish [383] equals SiLU when its
sigmoid-scale parameter is one. A parallel development, Gated Linear Units (GLU) [71], adapted multiplicative gating
from LSTM [167] to feed-forward networks. SwiGLU [433] combines an explicit dual-path FFN with a SiLU gate and
has been widely adopted following strong empirical results for the complete gated design.

The continuous evolution of the Transformer architecture also encompasses several critical auxiliary components.
Positional Encoding (PE) supplies explicit order information. Full self-attention without positional or other order-
dependent signals is permutation-equivariant; causal masking also introduces ordering constraints, so explicit PE is not
the only possible source of sequence order. Absolute Positional Encoding (APE) is adopted in the early Transformers
based on dot-product attention, such as sinusoidal functions [489] or learnable embeddings [378, 80]. However, APE
often struggles with length extrapolation. Relative Positional Encoding (RPE) represents displacement between tokens
directly within attention, as in the relative key and value representations of Shaw et al. [431]. Later methods realize
relative-position dependence through different mechanisms, including rotations of queries and keys [450] and other
position-dependent transformations [127]. Rotary Position Embedding (RoPE) [450], a new form of relative positional
encoding, has emerged as an advanced choice in LLMs like LLaMA [486, 295], owing to its mathematical elegance
and strong empirical effectiveness. Ongoing research continues to explore more flexible and adaptive PE techniques
capable of extrapolating to longer context windows [48, 82, 355, 51]. In addition, Residual Connections, exemplified
by Highway Networks and ResNets [444, 152], facilitate the optimization of deep networks [443, 523, 496]. LSTM
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provides an earlier example of a protected additive state pathway with multiplicative gates [167], while the forget gate
was introduced subsequently [117]. Normalization mechanisms [183, 13] help control activation scales and support
optimization. Many recent models, including LLaMA, use RMSNorm [555, 486], which omits the mean-centering step
of LayerNorm. Current research develops more efficient normalization methods [207, 328] and studies their interplay
with residual connections [523, 81, 252, 336], particularly in balancing representational capacity with training stability.

Finally, the interface between a neural network and raw text data, Tokenization, represents another crucial component.
Although often treated as a preprocessing step, tokenization directly impacts both the efficiency and capability of
an LLM [358]. The choice of granularity, ranging from characters to words to the now-dominant subword schemes,
introduces a fundamental trade-off among vocabulary size, sequence length, and linguistic expressiveness [299]. Recent
studies have identified vocabulary size itself as a key scaling dimension, demonstrating that its optimization can yield
performance gains comparable to scaling model parameters, but at reduced computational cost [464, 176]. Building on
this, techniques such as decoupling input and output vocabularies [176, 544] and progressively expanding the vocabulary
during pre-training [545] turn the vocabulary and input interface into design variables rather than fixed preprocessing
choices. In parallel, a complementary line of research explores tokenization-free models that operate directly on raw
bytes, aiming to bypass fixed-vocabulary constraints entirely to foster more universal systems [531, 344] capable of
handling open-ended data streams.

Beyond the design of individual layers, two more recent lines of work revisit how a decoder allocates computation along
the two axes of generation: how many tokens it predicts per forward pass, and how many layers each token traverses.
Multi-Token Prediction (MTP) extends the standard next-token objective so that each position is trained to predict
several future tokens [446, 362, 123]. This densifies the training signal and encourages representations that encode
longer-horizon information; moreover, the additional predictors can be reused at inference as cheap drafts of the next few
tokens, which the model verifies in a single parallel forward pass under the draft-then-verify paradigm of speculative
decoding [247, 35, 256]. Architectural designs range from parallel prediction heads on a shared backbone [123, 35] to
sequential predictors that preserve the causal chain among future tokens [269, 256], and sequential MTP has rapidly
become a standard component of recent open-weight LLMs [269, 278, 479, 477]. In a complementary direction,
Adaptive and Recurrent Depth architectures relax the assumption that every token must pass through a fixed stack of
layers. Early-exit and layer-reduction methods terminate computation once an intermediate representation is sufficiently
predictive [91, 425, 95, 93]; conditional-depth routing such as Mixture-of-Depths lets only a subset of tokens execute a
given block [384]; and looped, or depth-recurrent, Transformers repeatedly apply a shared block to an evolving latent
state, adding computational depth without adding parameters [77, 111, 587, 16]. These designs turn depth from a fixed
hyperparameter into an allocatable resource, while raising their own questions about supervising intermediate states,
maintaining dynamical stability under repeated computation, and quantifying the exchange rate between parameter
capacity and repeated computation [426].

Several existing surveys cover parts of this landscape, but typically from the perspective of a single component or a
single objective. Component-specific surveys address efficient and sparse attention [465], KV cache management [147],
mixture of experts [36, 319], state space models [369, 350], positional encoding and length extrapolation [573], activation
functions [142, 87], and speculative decoding [517]; broader surveys of LLMs [574] and of efficient LLMs [492, 582]
treat architecture as one topic among training, data, alignment, and serving. This survey differs in three respects. First,
it covers the full set of architectural components of a modern decoder, from tokenization and positional encoding to
attention, FFNs, normalization, residual pathways, output objectives, and depth allocation, so that design decisions can
be compared under a common notation. Second, it pairs the component-wise review with a system-level view that traces
how open-weight model families actually combine these components (Sec. 14). Third, it offers a unified reading of
these developments in terms of the implicit assumptions of the canonical decoder that each of them preserves or relaxes
(Sec. 15).

The central aim of this survey is to systematically examine the diverse architectural innovations that aspire to shape
the next generation of Large Language Models. The following sections explore these emerging paradigms, spanning
efficient attention mechanisms, linear language models, conditional computation strategies such as mixture of experts,
advances in core components, multi-token prediction, and adaptive depth. We carefully examine their potential to
overcome current limitations and reshape the future landscape of Al The system-level and unified perspectives of
Secs. 14 and 15 then organize these developments along four broad directions: flexible and conditional processing,
refined transformation dynamics, selective and flexible state management, and lookahead and delayed commitment.
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This perspective emphasizes that modern architectures are better understood as joint configurations of interdependent
design dimensions than as collections of independently chosen modules.

To situate these developments empirically, we close this introduction with two snapshots that together span the recent
history of LLMs. Figure 2 covers the earlier generations, released between 2021 and 2025, by plotting MMLU
performance [157] against release date and parameter count, and four trends stand out. Consistent with empirical scaling
laws [217, 168], larger models (larger bubbles) reliably outperform their smaller contemporaries; at the same time,
improvements in data quality, optimization, and architecture let newer, smaller models frequently surpass older and
much larger ones, reflecting a shift toward compute-optimal, data-rich training regimes. MoE architectures emerge as a
prevailing design, reaching top-tier performance even at high sparsity while offering substantial inference-efficiency
benefits [96], and a clear stratification separates proprietary from open-weight models, with proprietary systems (e.g.,
the GPT and Claude series) consistently defining the performance upper bound. By 2026, however, MMLU was
approaching saturation, so Figure 3 turns to the most recent generation of open-weight models, released mainly in 2026,
and evaluates them on Humanity’s Last Exam (HLE) [40], a far more discriminative benchmark of frontier capabilities.
The picture extends the earlier trends: nearly all of the plotted models are sparse MoE architectures, HLE scores still rise
with total parameter count along the observed Pareto frontiers, and tool use adds well over ten points for the strongest
systems. The gap to proprietary models also persists: the best plotted open-weight model reaches 56.0% with tools,
whereas Anthropic’s latest limited-access model, Claude Mythos 5 [10], scores 59.0% without tools and 64.5% with
tools. Because reported HLE results mix tool-enabled and non-tool protocols, however, these scores should be compared
with caution.

2 Overview

This survey focuses on the architectural design of autoregressive language-model backbones, including sequence
processing, parameter activation, representation and state management, and prediction and depth allocation. Earlier
language models and related architectures are included where they clarify the origins or mechanisms of contemporary
designs. Training objectives, decoding procedures, and systems techniques are discussed insofar as they shape
architectural choices or determine their practical costs. The literature covered extends through August 2026. We select
representative methods based on their introduction of distinct mechanisms, their role in clarifying important design
trade-offs, or their adoption in documented model families. This selection includes foundational approaches, influential
variants, and alternative designs that expose limitations of prevailing choices.

Our discussion draws on original research papers, technical reports, and official implementation materials. Research
papers provide the primary basis for mathematical formulations, theoretical claims, and experimental findings, with
conclusions interpreted under their stated assumptions and evaluation settings. Technical reports document model-scale
configurations, training recipes, and reported results; these observations establish practical use but generally do not
isolate the contribution of individual components. Official code and released configurations clarify implementation
details and variant-specific settings that may be omitted from the text. Where sources or versions differ, we identify the
configuration being discussed. Throughout the survey, we distinguish formal results, empirical findings, documented
adoption, and our own synthesis of architectural trends.

Figure 4 provides a detailed roadmap of this survey. Section 3 first traces the history of language modeling architectures,
from statistical n-gram models through recurrent networks and fast weight programmers to the Transformer. We then
revisit in Sec. 4 the modern Transformer architecture and its core building blocks, including self-attention, feed-forward
networks, and positional encoding. Next, we turn to methods that optimize the self-attention module: Sec. 5 surveys
efficient attention and key—value (KV) cache management approaches that reduce computation and memory along four
axes: token reduction, head reduction, dimension reduction, and layer reduction; Sec. 6 focuses on linear language
models that approximate or substitute the attention mechanism to reduce its complexity from quadratic to linear. We
introduce mixture of experts in Sec. 7, tracing three overlapping developments from sparsely gated FFNs through
fine-grained shared-expert designs to systems-oriented variants; we then review the evolution of activation functions
in Sec. 8, and discuss residual connections and normalization techniques in Sec. 9. Positional encoding variants are
examined in Sec. 10, while related work on tokenization is covered in Sec. 11. The next two sections turn from individual
layers to how computation is allocated during generation. Section 12 discusses multi-token prediction, classifying
methods by how the K future tokens are factored: parallel prediction heads that are conditionally independent given the
backbone representation, and sequential predictors that preserve the causal chain among future tokens. A third group,
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inference integration, cuts across both factorizations: it collects methods that improve how drafted tokens are verified
and accepted under draft-then-verify, through acceptance rules, tree-structured verification, adaptive draft lengths, and
drafter alignment. Section 13 reviews adaptive and recurrent depth, covering early exit and layer reduction, conditional
depth over distinct layers, looped (depth-recurrent) Transformers, and the training and scaling issues that arise when
executed depth becomes variable. In Sec. 14, we synthesize these perspectives at the system level: we first trace the
evolution of open-weight LLM families and their precursors, including the LLaMA series [486, 487, 295, 296], Qwen
series [20, 476, 370, 371], and DeepSeek series [30, 73, 68, 269], and then identify recurring architectural design
patterns that cut across families, namely canonical dense decoders, sparse capacity with compressed attention state,
hybrid sequence and state processing, and prediction-augmented backbones. Section 15 then offers a unified view
of architectural design that goes beyond individual components: it makes explicit the implicit assumptions of the
canonical decoder, organizes the surveyed mechanisms into four broad directions (flexible and conditional processing,
refined transformation dynamics, selective and flexible state management, and lookahead and delayed commitment),
and examines the interdependencies that make joint design necessary. We conclude this survey in Sec. 16.

3 History of Language Modeling Architectures

The transformative power of modern large language models did not emerge in isolation; it is the result of a decades-long
pursuit to address the fundamental challenge of language modeling: developing statistical models that can assign
probabilities to arbitrary sequences of words. Understanding this historical trajectory illuminates both the foundations
upon which current LLMs are built and the recurring themes that continue to drive architectural innovation.

Contemporary generative language models are fundamentally grounded in viewing natural language as a stochastic
process. In this formulation, random variables take values from a finite alphabet (characters, words, or subword tokens)
and natural sentences are interpreted as samples drawn from these random sequences. The central task of a language
model is to estimate transition probabilities, namely the conditional probability of the next symbol given a preceding
context, thereby emulating the generative dynamics of language. This probabilistic paradigm traces back to foundational
work in the early twentieth century. Prior to modern information theory, A. A. Markov established the mathematical
basis for modeling dependent sequences; his empirical analysis of vowel-consonant patterns in literary text provided the
first quantitative evidence that language exhibits non-trivial conditional probability structure [286]. Building on this
insight, Claude Shannon explicitly proposed modeling language as a stochastic process that generates finite symbol
sequences, formally equating it with a discrete information source [430]. By using n-gram models, such as digrams
and trigrams, to capture what he termed “adjacent dependencies”’, Shannon demonstrated how the choice of a symbol
depends on its preceding history, and validated this perspective by generating increasingly realistic approximations of
English text. His subsequent investigations into the redundancy and compressibility of English further established the
theoretical feasibility of statistical language modeling [429].

Following Shannon’s paradigm, early statistical language models (SLM) primarily relied on finite-order Markov
assumptions, estimating conditional distributions for discrete n-gram contexts. This stochastic perspective was formally
operationalized for continuous speech recognition by Jelinek [203], and rigorously formulated as a maximum likelihood
problem by Bahl et al. [18]. By modeling the speaker as a text generator (source) and the acoustic processor as
a noisy channel, these works established the “Language Model” as a critical prior probability component in the
linguistic decoder [203, 18]. To address the inherent data sparsity that assigns zero probability to unseen contexts,
early systems incorporated various smoothing techniques, such as discounting [125, 509], back-off [220, 326, 234], and
interpolation [204]. By the 1990s, research expanded to address the problem of “data fragmentation” inherent in high-
order n-grams, introducing structured generalization mechanisms like class-based models [33, 233], decision trees [19],
and Maximum Entropy frameworks [79, 242, 28]. Finite-order n-grams remained limited to local contexts, whereas
trigger-based Maximum Entropy models and related approaches attempted to incorporate longer-range information.
Efficiently capturing complex dependencies and deeper linguistic structure nevertheless remained difficult. As noted
by Rosenfeld [392], the field faced a persistent tension: while “knowledge-impoverished” n-gram techniques proved
remarkably robust and data-optimal, attempts to incorporate deeper linguistic structure often struggled to overcome the
trade-off between computational tractability and the effective modeling of complex dependencies.

A fundamental shift emerged with the introduction of distributed representations [393, 162, 427, 323, 360] into language
modeling [422, 27]. By embedding linguistic units into shared continuous latent spaces, these models captured semantic
and syntactic regularities implicitly through parameter sharing, rather than through manually engineered back-off rules
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or smoothing heuristics. In this way, generalization was internalized within the model itself, encoded as inductive biases
induced by continuous, parameterized neural architectures. Early work in 1996 [422] demonstrated the viability of
this paradigm in character-level language modeling with feed-forward neural networks (FFNs), showing the advantage
of neural approaches in text compression compared with statistical methods; the lineage of such networks runs from
perceptrons and early multilayer learning systems [390, 212, 391, 445, 198, 199, 161] (see Schmidhuber [414] for a
review). Subsequent research [27] extended to word-level modeling, further establishing the potential of neural language
models. From this point onward, neural architectures gradually displaced traditional statistical models and became the
dominant paradigm in language modeling. Progress thereafter became increasingly tied to architectural innovations
aimed at balancing representational capacity, optimization stability, and computational efficiency.

Subsequent progress in language modeling was driven largely by architectural innovations. Language-modeling research
expanded from feed-forward networks to recurrent neural networks (RNNs) [94, 301], a transition rooted in a long
historical context. Unlike feed-forward architectures, RNNs incorporate a memory mechanism via feedback connections
that allows information from previous time steps to influence current predictions [405]. The conceptual foundations of
recurrent computation can be traced back to non-learning dynamical systems from the 1920s, such as the Ising model
(or Lenz-Ising model) [245, 197, 237, 506], which can be viewed retrospectively as early models of interacting units
with cyclic dependencies, rather than as recurrent sequence models with learned temporal memory. Later, foundational
works [289, 232] proved that such recurrent structures could function as formal computational units capable of processing
sequences. Work on trainable feedback networks around the early 1970s included adaptive association and learning
rules [6, 324]; Hopfield’s associative-memory networks followed in 1982 [170]. Related studies examined biological
neural dynamics [133] and hippocampal memory [287]. Recurrent models were used to investigate linguistic sequence
structure around 1990 [94], and were also applied to acoustic modeling for speech recognition [388] and recursive
translation [100]. Recurrent neural language models subsequently gained prominence through work such as Mikolov et
al. [301, 302, 300] and Graves [128]. However, while RNNs can in principle process sequences of arbitrary length, the
vanishing and exploding gradient problems [164, 165] make it difficult for them to capture long-range dependencies in
practice.

Long Short-Term Memory (LSTM) networks [167, 166] address a central aspect of the vanishing-gradient problem
analyzed in earlier work [165]. Their constant error carousels (CECs) preserve error flow along a designated memory-
state pathway; this does not guarantee that every gradient in the full network avoids vanishing or explosion. The
protected additive pathway offers a structural comparison with later gated skip and residual connections [444, 152],
without making the mechanisms historically or mathematically identical. The original LSTM uses multiplicative input
and output gates [167]; later variants introduce a forget gate to regulate retention in the memory cell [117]. LSTMs
proved far more effective at modeling long-range dependencies and became a pivotal advancement in neural language
modeling [458, 128, 550]. Sutskever et al. [460] further demonstrated their scalability, showing that LSTMs could
successfully model long sequences in large-scale neural machine translation using approximately 12 million sentence
pairs. However, the inherently sequential nature of recurrent models restricts parallelization across time steps within
a single training example, creating a substantial computational challenge for scaling to long sequences and large
datasets [489].

A line of research attempted to further enhance recurrent architectures by improving their access to stored information.
Attention mechanisms became widely adopted in neural sequence-to-sequence modeling beginning with the work
of Bahdanau et al. [17], which allowed decoders to softly align to different parts of the source sequence at each
decoding step. This content-based access significantly improved the model’s ability to handle long-term dependencies.
Subsequently, attention rapidly became ubiquitous, applied to speech recognition [59], reading comprehension [53],
sentence embedding [266], textual entailment [346], and summarization [351]. As Vaswani et al. [489] note, by the
mid-2010s, attention mechanisms were an integral part of sequence modeling; however, they were nearly always
used in conjunction with RNNs and thus did not remove the sequential bottleneck inherent to recurrent computation.
Convolutional sequence models such as ByteNet [215] and ConvS2S [110] offered one route to parallel training by
replacing recurrence with stacked (dilated) convolutions, but the number of layers needed to relate two distant positions
still grows with their distance.

A different line of work pursued architectures that could replace recurrence altogether, which was started as early as 1991.
Fast Weight Programmers (FWPs) [406, 408, 416] introduce the idea of a slow neural network that dynamically programs
the fast weights [490, 97, 163] of other NNs. This explicitly separates storage and control [406], similar to traditional
computers, allowing the network to rapidly encode short-term information without compressing it into static parameters.
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A particularly relevant instance, which is now recognized as the Unnormalized Linear Transformer (ULTRA) [406, 408],
implements an additive outer-product rule over key and value representations, offering a parallelizable formulation
of attention (see Sec. 6.5). In retrospect, FWPs can be viewed as an early architectural direction where dynamic,
rapidly updated weights provide associative memory, echoing principles that later proved central in modern attention
mechanisms. As noted in 1993 [412] (where the terminology of learning “internal spotlights of attention” was
introduced), “intra-sequence weight changes essentially occur only if the network pays a lot of attention to certain units
by strongly exciting them or strongly inhibiting them”, hinting at the same context-dependent modulation in attention
today. Later work revisited dynamic parameter generation, including HyperNetworks with recurrent applications [143]
and analyses of attention as a hypernetwork [423].

The architectural developments led to the modern quadratic Transformer architecture [489], which, like ULTRA,
completely removes recurrence and uses attention as its sole sequence-mixing primitive. Similarly, in the causal
dot-product attention mechanism of modern Transformers, keys and values are generated by learnable model weights.
For each output token, queries attend to the accumulated key—value collection through softmax-normalized aggregation
to retrieve relevant information. This architectural shift enables full parallelization across sequence positions and has
unlocked the massive scaling that defines modern large language models. The Transformer also became the vehicle of
the pretrain-then-adapt paradigm: contextual representations from pretrained bidirectional LSTMs (ELMo [357]) were
quickly superseded by pretrained Transformers, with GPT [378] and BERT [80] establishing decoder-only generative
and encoder-only bidirectional pre-training, respectively, and the decoder-only recipe then scaled into the GPT-2 and
GPT-3 lineage [379, 34] that defines today’s LLMs. As discussed in the introduction, recent architectural advances
largely build upon refinements to the 2017 Transformer’s internal components, which we examine in detail in the
subsequent sections.

4 Basic Modules in Transformer

In this section, we introduce the basic modules of the original guadratic Transformer® architecture. The initial
configuration [489] has a sequence-to-sequence framework that incorporates both an encoder and a decoder. Subsequent
developments, as we will see in Sec. 4.7, include encoder-only, decoder-only (causal Transformers), and encoder-
decoder architectures, which vary in their learning strategies. In general, the Transformer is characterized by its
central components: the Transformer block, which consists of an attention module, a feed-forward network, residual
connections, and normalization. Additionally, it features positional encoding accompanying the attention module, as
well as the basic tokenizer and embeddings module.

The input and output structure of a Transformer model is as follows. The input sequence is first tokenized into a sequence
of tokens using a tokenizer. These tokens are then mapped to initial embeddings through an embedding module. The
initial embeddings are subsequently processed through L layers of Transformer blocks, producing the final contextual
embeddings. Typically, these contextual embeddings are passed through a linear layer to generate the model’s output,
the interpretation of which depends on the specific learning strategy employed.

4.1 Multi-head Attention (MHA)

The core computational primitive of the Transformer is the multi-head attention mechanism, which enables each token
to dynamically attend to other tokens in the sequence through a Query-Key-Value (QKV) formulation. This design
allows the model to capture long-range dependencies and diverse relational patterns within a single layer. Let X € R7*4
denote the input to an attention layer, where T is the sequence length and d is the model dimensionality. Multi-head
attention projects X into H parallel attention subspaces (heads), each operating on a lower-dimensional representation.
For the h-th head, the query, key, and value matrices are obtained via learned linear projections:

QW =xW® KM Zxw v - xw), 0

where Wéh), W,((h), Wih) € R¥*41 and dy = d/H denotes the dimensionality of each head.

3For simplicity, unless otherwise specified, we will use “Transformer” to refer to this architecture throughout the rest of this
article.
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Within each head, attention weights are computed by comparing queries and keys through scaled dot products.
Specifically, the attention matrix for head # is defined as

@

(KT
A = softmaX(Q—) ,

Vdu

where the softmax is applied row-wise. The scaling factor vdp stabilizes optimization by preventing the dot-product
magnitudes from growing excessively with dimension.

The output of the multi-head attention layer is obtained by applying the attention weights to the values within each head
and then projecting the aggregated result back to the model dimension. A common formulation first concatenates the
per-head outputs and applies a single output projection:

Attn(X) = Concat(A(l)V“), N .,A<H>V<H>) w,,

where W,, € R4*4_ Equivalently, it can be formulated as the “sum with per-head” form:

H
Attn(X) = Z AW ymwh 3)
h=1

where W,()h) € R4 is the output projection matrix for head /. The equivalence follows by partitioning W,, € R drxd

into H block rows, W, = [Wf,l); . ;W((,H)], so that multiplying the concatenated head outputs by W, is exactly the
sum of the head-wise products in Eq. (3). This formulation makes each head’s contribution explicit, which is convenient
when analyzing head-level modifications (e.g., head reduction in Sec. 5.2).

Causal Attention in the Decoder. In decoder-only and autoregressive Transformer architectures, the attention
mechanism is modified to enforce causality, ensuring that each token can attend only to itself and preceding tokens.
This is achieved by adding a causal mask M € R”*T to the attention logits:

H QWK ()
CausalAttn(X) = Z softmax(— + M) viw, 4)
h=1 Vdu
where
0, I <t,
M,,; = { i (5)
—o0o, I >1f.

This lower-triangular mask prevents information leakage from future positions during training and inference.

Equivalently, for a given time step ¢, the causal attention output can be written in token-wise form as

H
CausalAttn(X),; = Z (Z at(ih) vgh)) Wg’), 6)
h=1 \i<t
with attention weights
b onlal R )
a =

ti

Zjst exp(qz(h)k;h)T/VdH)
where g% = Q) k(") = K(". and /") = V(1.
4.2 Feed-Forward Network

Complementing the attention mechanism, each Transformer block contains a position-wise Feed-Forward Network
(FFN), which applies non-linear transformations independently to each token representation.

Formally, given an input matrix X € R7*¢, the FFN operates identically on every row and is defined as

FFN(X) = O'(XW] + bl)Wz + by, @)
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Figure 5: Structure of the Transformer layer and the encoder-decoder, encoder-only, and decoder-only architectures.

where o (+) is a non-linear activation function. Here, W; € R4%dr and W, € R4 >4 are learned weight matrices, and
by, b, are bias vectors.

The intermediate dimensionality dg is typically chosen to be substantially larger than d (commonly dg = 4d), enabling
the FFN to project token representations into a higher-dimensional space before mapping them back to the model
dimension. With a conventional two-layer FFN and dg ~ 4d, the FFN contributes approximately two-thirds of the
weight parameters within a standard Transformer block, excluding embeddings, the output vocabulary projection,
and small bias or normalization terms (cf. Table 1). Its share of computation also depends on sequence length and
execution phase: the attention interaction cost grows quadratically during a full-sequence forward pass, whereas the
FFN cost grows linearly. This parameter concentration has motivated extensive research into FFN variants, including
sparsification strategies such as Mixture of Experts (Sec. 7).

4.3 Positional Encoding

Unlike RNNs, which encode sequential order through their recurrence, Transformers can process all positions in parallel
during training. Full self-attention without positional or other order-dependent signals is permutation-equivariant, so
positional encodings provide explicit order information. Causal masking itself introduces ordering constraints, however,
and models can recover aspects of position without explicit PE [188, 184].

Vaswani et al. [489] introduced sinusoidal positional encodings, which constitute a canonical form of absolute positional
encoding (APE). More generally, APEs and alternative positional encoding schemes will be discussed in detail in
Sec. 10.

Formally, let i denote the token position and let d be the model dimensionality (assumed to be even). The positional
encoding vector e‘l?os € R? is defined element-wise as

pos _ . i pos _ i
ei,2j - Sm( 100002j/d) ’ ei,2j+1 - COS( 100002f/d) ’ ®)
forj=0,..., % — 1. Stacking these vectors for all positions yields the positional encoding matrix
— [aP%S. . aPOS Txd
EP® = [e]™;...; e} e RT™4. 9)

In the original Transformer architecture, positional information is injected by adding EP% to the token embeddings at
the input layer, allowing the model to jointly reason over content and position. While this additive approach is widely
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used, modern variants may inject positional information differently, such as within the attention mechanism itself, as
discussed in Sec. 10.

4.4 Residual Connections and Normalization

In a Transformer block, the outputs of the MHA layer and the FFN layer are each followed by a residual connection
and normalization. The original 2017 Transformer [489] employed Post-LN, where normalization (commonly Layer
Normalization [13]) is applied after the residual connection:

X’ = Norm(Attn(X) + X),
X" = Norm(FFN(X") + X’),

where Norm(-) denotes a normalization operator.

(10)

Together, residual connections and normalization support information propagation across layers and facilitate optimization
of deep Transformer stacks; the Post-LN arrangement described here nevertheless becomes difficult to optimize at large
depth without learning-rate warmup or careful initialization. Alternative arrangements of residual connections and
normalization (e.g., Pre-LN) and other normalization variants are discussed in detail in Sec. 9.

4.5 Tokenization and Input Embeddings

In Transformer models, tokenization and embeddings define the interface between raw textual input and the continuous
vector representations processed by the network. Given an input text sequence, a tokenizer first maps the text into a
sequence of discrete tokens drawn from a finite vocabulary V.

Let {xi}l.Tzl, with x; € {1,...,|V|}, denote the resulting token sequence of length 7. Each token is mapped to a
continuous vector representation via a learned embedding matrix W € RIV1*4_ producing

e = Wg[x;] € RY, (11
where Wg [x;] denotes the row of W indexed by token x;. Stacking all token embeddings yields the embedding matrix
E=[e...;er] € RT*4In the original implementation [489], the input embeddings are scaled by Vd.

The token embeddings are subsequently combined with positional encodings (cf. Sec. 4.3) to form the input to the first
Transformer layer:

Xy = E + EP%, (12)
Thus, tokenization determines the discrete units over which the Transformer operates, while the embedding layer
provides their initial continuous representations for subsequent computation.

4.6 Output Projection and Autoregressive Generation

The final hidden states produced by the Transformer are mapped back to the vocabulary space through an output
projection. Given a hidden representation h; € R¢ at position i, the output projection maps it to vocabulary logits,
z; =h;Wy + b, (13)

where Wy € R4V and b € R!VI. Applying a softmax converts these logits into a categorical distribution over the
vocabulary:

p: = softmax(z;). (14)
The output projection is often weight-tied with the input embedding matrix, such that Wy = W .

Under the standard next-token prediction (NTP) formulation, the joint probability of a sequence is factorized into
next-token conditional probabilities,

T
pOar) = [ [ pi 1 x<). (15)
i=1

Accordingly, the distribution p; produced at position i is trained to approximate the conditional distribution p( - | x<;),
with the next token x;, as the prediction target. The NTP objective is then written as
T-1
Lntp == ) logp;[xir1]. (16)

i=1
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During autoregressive generation, a token is selected from the predicted distribution at each decoding step and appended
to the current sequence, after which the model proceeds to predict the next token. Thus, the standard decoder generates
sequentially while committing to one output token at each step.

4.7 Encoder/Decoder Transformer Configurations

Widely used Transformer-based models in natural language processing are commonly instantiated by choosing how to
deploy the encoder and decoder components of the original sequence-to-sequence architecture. Concretely, retaining
only the encoder yields encoder-only models, retaining only the decoder yields decoder-only (autoregressive) models,
and combining both yields the full encoder-decoder configuration. Although these configurations share the same core
building blocks as we introduced above, their information flow and training objectives differ, leading to distinct strengths
for contextual representation learning, autoregressive generation, and sequence-to-sequence transformation, respectively.

4.7.1 Decoder-only

Decoder-only Transformers consist solely of a stack of Transformer decoder blocks and employ causal (masked)
self-attention to model sequences autoregressively. At each position, the representation is computed using information
from the current and preceding tokens, inducing a left-to-right factorization of the sequence probability. This design
is particularly well suited for language modeling. The GPT (Generative Pre-trained Transformer) family [378, 34]
is a representative instantiation of this architecture. In GPT-style models, each layer contains masked multi-head
self-attention followed by a position-wise feed-forward network, without the encoder—decoder cross-attention present in
the original Transformer decoder (Figure 5). By scaling depth, width, and training data, decoder-only Transformers
have become the dominant paradigm for large-scale generative language models.

4.7.2 Encoder-only

Encoder-only Transformers retain only the encoder stack of the original architecture and leverage unrestricted self-
attention, allowing each token to attend to all other tokens in the sequence (Figure 5). BERT (Bidirectional Encoder
Representations from Transformers) [80] exemplifies this configuration. Through bidirectional pre-training objectives,
encoder-only models learn contextualized token representations that capture semantic and syntactic relationships across
the entire input sequence, which can be readily adapted to downstream tasks such as classification, retrieval, and span
prediction.

4.7.3 Encoder-Decoder

Encoder—decoder Transformers preserve the full structure of the original sequence-to-sequence architecture. In this
configuration, the encoder maps the input sequence into a set of contextual representations, while the decoder generates
the output sequence autoregressively, attending both to previously generated tokens and to the encoder outputs via
cross-attention. This separation between encoding and generation provides a natural inductive bias for sequence
transformation tasks. The TS (Text-to-Text Transfer Transformer) model [381] is a prominent example of this architecture.
TS adopts a unified text-to-text formulation, in which both inputs and outputs are represented as token sequences,
allowing the same encoder—decoder framework to be applied across tasks such as translation, summarization, and
question answering.

Despite their natural fit for sequence-to-sequence transformation, encoder—decoder Transformers are comparatively less
common among contemporary general-purpose LLMs. The reasons are less about asymptotic cost (an encoder pass is
comparable to a decoder-only prefill, and cross-attention to encoder states is comparable to attending over a cached
prefix) than about simplicity and generality: decoder-only models condition on inputs by simple prefixing within a
single autoregressive stack, treat prompts, generated text, and multi-turn continuations uniformly, and were found to
generalize better zero-shot after pure language-model pre-training [502]. This offers a more streamlined architecture for
instruction following and open-ended generation.

4.8 Computational Complexity

The computational cost of the Transformer architecture is primarily driven by its two main components: the multi-head
attention mechanism and the feed-forward networks. Figure 6 provides a visualization of the key matrix operations
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X dm: head dimension
Key
H: numer of heads
«—>
T numer of tokens
Value

L: numer of layers

Figure 6: A visualization of the key matrix operations and their dimensions within the multi-head attention mechanism.

Parameters Training Complexity Decoding Complexity KV cache
multi-head attention 4d°L O(T?dL + Td?L) O(TdL + d°L) 2TdL
feed-forward network 8d’L O(Td’L) O(d’L) -

Table 1: Computational and memory requirements of Transformer components. Training complexity is the cost of
one forward pass over a sequence of length T'; decoding complexity is the cost per generated token when the context
length is 7' (with KV cache). For attention, the Td>L (resp. d”>L) term is the cost of the Q/K/V/output projections and
dominates whenever T < d.

within the MHA. Assuming a typical configuration where the intermediate dimension of the FFN is dg = 4d, the
computational and memory requirements are summarized in Table 1. Note that the model dimension d is composed of
H attention heads, each with a dimension of dy, such thatd = H - dy.

As shown in the table, the two columns measure different things: the training column is the cost of processing an entire
sequence in parallel, whereas the decoding column is the cost of producing a single additional token given a context
of length T. Making the per-token decoding cost linear in T relies on the KV cache [432, 189, 147], a fundamental
optimization technique that has been widely used in Transformer implementations.

To understand the necessity of KV cache, consider the autoregressive generation process in decoder models. When
generating text, each new token must attend to all previously generated tokens in the sequence. From Eq. (6), we observe
that computing the output for token ¢ requires the Key and Value vectors k;h) and vlgh) for all positions i < ¢. Naively, at
each generation step, we would need to recompute these K and V vectors for the entire preceding context, which is
highly redundant since these vectors remain unchanged once computed.

The KV cache addresses this inefficiency by storing the computed Key and Value states from previous time steps. When
generating token ¢ + 1, instead of recomputing k;h) and vfh) for all i < ¢, the model simply retrieves them from the
cache and only computes the K and V vectors for the new token # + 1. This cached approach fundamentally alters the
computational profile of the attention mechanism, leading to the following two distinct operational modes:

* Parallel Processing (Training & Pre-filling): In this mode, the model processes the entire input sequence in a single
forward pass. This occurs during training for efficiency and during the inference pre-fill stage, where the initial prompt
is encoded to populate the KV cache. In both cases, the full attention matrix is computed, leading to an attention cost
of O(T?dL) (in addition to the O(Td’L) projections), which scales quadratically with the sequence length (T').

* Sequential Generation (Decoding): In this mode, the model generates the output autoregressively, i.e., one token at
a time. This phase relies heavily on the KV cache. At each step, the model takes the newest token, computes its Query
(Q) vector, and retrieves the cached Key (K) and Value (V) vectors from all previous steps. By only attending to
the cached K/V pairs, the model avoids recomputing these values for the entire context. Without the cache, every
step would have to recompute the key and value projections of all T context tokens, costing O(T'd>L) per step in
projections alone; with the cache, the per-step cost is O(TdL + d°L), of which the O(TdL) term is the attention over
the cached context and the O(d”L) term is the projections of the single new token.
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S Efficient Attention and KV Cache Management

Despite the remarkable success of Transformer-based large language models in language processing tasks [338], they
encounter two distinct efficiency bottlenecks when processing and generating long sequences. During training and
prefill, the dot-product attention mechanism incurs a computational cost that grows quadratically with the input length.
During autoregressive decoding, the per-step attention cost is linear in the context length, but the key—value (KV)
cache that must be stored and re-read at every step grows linearly with the context, so memory footprint and memory
bandwidth become the dominant constraints.

As introduced in Sec. 4.8, the size of the KV cache, and hence the memory traffic of decoding, is governed by four
axes: sequence length 7', the number of key—value heads Hy,,, the per-token size dy of each cached key or value,
and the number of layers L. For conventional KV heads, the cache contains 2LT Hy, dp elements. We distinguish
Hy, from the query-head count H,, with d = H,dy under the standard head-width convention. Most current
methods specialize in a single axis: token-oriented approaches reduce the number of cached or attended positions (e.g.,
SepLLM [46]); head-oriented approaches reduce the number of KV heads shared among query heads (e.g., GQA [1]);
and dimension-oriented approaches compress the per-token KV representation into a low-rank latent shared across heads
(e.g., MLA [73]). The fourth axis, the number of layers L, is exploited by layer-oriented approaches that share or merge
KV states across adjacent layers (e.g., MiniCache [270]). We note that these axes primarily target KV cache memory
and decoding-time memory traffic; only a subset of token-oriented methods, mainly those that sparsify attention during
prefill, also reduce the quadratic attention computation itself, and head- or dimension-oriented compression can even
increase attention FLOPs while shrinking the cache.

5.1 Token Reduction

Token-reduced KV

Original KV ‘ ‘ ‘ ‘ e
7, b election
Layer | Reduction S
Head: Stratrgy
o | | 7 % 2
T v/ ’ ‘ R Merge
i ‘ : 7 WG 2
JU0ggogund >

Group
History Tokens Current Token

Figure 7: Token reduction strategies towards KV in attention mechanism.

Recently, a broad class of token reduction techniques has been proposed to improve the efficiency of attention by
reducing the number of stored or attended entries through selection or compression. These methods primarily aim to
alleviate KV cache memory pressure and decoding-time memory traffic, thereby improving inference throughput, often
with limited degradation in model quality; a subset of them, mainly prefill-oriented or training-based sparse-attention
designs, also reduces the quadratic cost of attention itself, whereas methods that compress the cache after a dense prefill
do not. Representative approaches are illustrated in Figure 7 and summarized in Table 2, which groups them by the
mechanism through which attention cost is reduced: (a) eviction and compression methods that bound the cache, so that
unselected entries are gone; (b) methods that retain the full cache and sparsify only which entries each decoding step
reads, i.e., inference-time approximations of dense attention; and (c) natively sparse attention, in which the sparsity
pattern is produced by a trained component and is part of the model definition. The remaining columns record design
dimensions that cut across the three groups: when the selection is made (Phase), what training it requires (Train.),
which cost it reduces (Saves), which tokens are exempt from selection (Kept), the signal used to score tokens, whether
unselected entries are dropped, merged, or kept, and the shape (Budget) and unit (Gran.) of the selection. We discuss
the three groups in turn and then these dimensions.
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At a high level, token reduction methods define an importance or relevance metric over tokens and apply a selection rule
(e.g., top-k or thresholding) to determine which keys and values should remain active. For selection-based methods, an
additional selection mask sparsifies attention by disallowing interactions with unselected entries. This mask describes
which entries are read or retained; merging and compression instead construct new KV representations through an
aggregation or encoding map and are not captured by a binary mask alone.

T

A = softmax + M+ My, a7

dy

where M is the standard causal mask, and Mg € RT*7 is defined as

0, if token j is retained (selected) for query position i,

(Msel)i,j = { (18)

—oo0, otherwise.

Which of the three costs a method saves follows from how My is realized: if pruned entries are removed from the
cache, or never written to it, memory is saved; if the mask is realized by a kernel that skips the unselected pairs during
prefill or training, rather than by masking a fully materialized score matrix, the attention compute falls from O(7?) to
the number of selected pairs, although a selector that scores every pair, such as an indexer, keeps a quadratic term of its
own; if the mask only restricts the entries read at each decoding step, memory bandwidth is saved.

(a) KV Eviction and Compression. Methods in group (a) of Table 2 bound the cache by discarding or merging entries.
Together with MoSA in group (c), they are the only methods that reduce KV memory without moving it elsewhere, and
the only ones in which a wrong decision is irreversible; their evolution is largely a search for better proxies of a token’s
future usefulness.

The earliest proxies use position alone. StreamingLLLM [519] observes that autoregressive LLMs place a large share of
attention on the first few tokens regardless of their content, an atfention sink, and that window attention collapses as soon
as these tokens are evicted; keeping the sinks plus a rolling window of recent tokens, with positions re-indexed relative
to the cache, gives stable perplexity on streams of millions of tokens without any training. LM-Infinite [145] arrives
at the same A-shaped pattern from a length-generalization analysis, adds a ceiling on the relative distances fed to the
positional encoding, and optionally lets each head in the upper layers attend to the top-k middle tokens by attention logit.

Content-based eviction during decoding replaces position with attention statistics. Scissorhands [277] formulates the
persistence of importance hypothesis, that tokens receiving high attention at one step keep receiving it later, verifies it
empirically, and evicts under a fixed budget using importance accumulated over a history window while always keeping
the most recent tokens. H,O [570] keeps the heavy hitters, the few tokens that accumulate most of the attention mass,
alongside an equal budget of recent tokens, and shows that this greedy policy comes with a guarantee under a dynamic
submodular view of the cache. BUZZ [572] refines the heavy-hitter idea by segmenting the history outside the sinks
and the sliding window into chunks and retaining the strongest tokens of each chunk, sampling new and old tokens at
different strides, in both prefill and decoding. FastGen [109] instead profiles each head once, during prompt encoding,
and assigns it one of several caching policies: heads that attend locally drop distant context, heads that attend to special
tokens or punctuation drop everything else, and only broadly attending heads keep the full cache.

A second lineage compresses the prompt once, after a dense prefill. SnapKV [255] observes that the attention pattern of
the last few prompt tokens, the observation window, predicts what will be attended during generation, and per head
keeps the window plus the prompt positions it attends to most, after pooling neighbouring scores so that selected
positions form clusters. Its selection rule became the substrate for a family of budget schemes. PyramidKV [566]
decreases per-layer budgets arithmetically with depth, following the funneling of attention toward a few tokens in
upper layers; DynamicKV [578] sets per-layer budgets from the task-specific attention observed during prefill and
updates the preceding layers progressively; PrefixKV [494] searches a global prefix configuration that maximizes
the cumulative priority retained in each layer, for vision instruction-following models; CAKE [367] derives layer
preferences from the spatial dispersion and temporal shift of attention, manages the resulting budgets in a cascading
manner within a peak-memory limit during prefill, and adds an eviction indicator that accounts for the variability of a
token’s importance over time; AdaKV [98] bounds the attention-output loss of eviction and shows that a global top-k
across the heads of a layer, which gives concentrated heads small budgets and dispersed heads large ones, tightens
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Method Year Phase Train. Saves Kept Scoring signal Cache Budget Gran.

(a) KV eviction and compression: the cache is bounded

Scissorhands [277] 2023 D - M+B R attention over a history window Drop U T
H,O [570] 2023 D - M+B R accumulated attention Drop U T
LM-Infinite [145] 2023 P+D - M+B  S+R position (opt. top-k middle tokens)  Drop 8] T
StreamingLLM [519] 2023 P+D - M+B  S+R position only Drop 8] T
FastGen [109] 2023 P+D - M+B  S+R per-head attention profile Drop H T
DMC [325] 2024 P+D  Retro M+B — learned append/merge decision Merge H T
SnapKV [255] 2024 P - M+B R  obs.-window attention (pooled) Drop U T
PyramidKV [566] 2024 P - M+B R  obs.-window attention Drop L T
AdaKV [98] 2024 P - M+B R obs.-window attention, global top-k  Drop H T
RazorAttention [461] 2024 P+D - M+B  S+R retrieval-head test; comp. token Drop H H
NACL [49] 2024 P - M+B R proxy-token attention + random Drop 8) T
DuoAttention [520] 2024 P+D Aux M+B  S+R learned retrieval-head gates Drop H H
SimLayerKV [564] 2024 P+D - M+B  S+R lazy-layer detection Drop L L
HeadKV [104] 2024 P - M+B R  head retrieval-reasoning score Drop H T
BUZZ [572] 2024 P+D - M+B  S+R segment heavy hitters + sampling Drop U T
PrefixKV [494] 2024 P - M+B — layer-wise cumulative priority Drop L T
LeanKV [565] 2024 P+D - M+B — attention tiers + mixed precision Drop H T
SepLLM [46] 2024 P+D Scr./Retro M+C+B S+R separator tokens (rule) Drop U T
DynamicKV [578] 2024 P - M+B R recent-query attention Drop L T
CriticalKV [99] 2025 P - M+B R output perturbation (attn. X value)  Drop  U/H T
CAKE [367] 2025 P - M+B R attention dispersion + temporal shift Drop L T
KVzip [223] 2025 P - M+B —  context-reconstruction attention Drop H T
DropKV [554] 2026 P - M+B R decoupled output perturbation Drop U T
ReasonAlloc [274] 2026 D - M+B R plug-in layer/head budget routing Drop L+H T
KVpop [150] 2026 P+D Retro M+B  S+R learned scorer (future attention) Drop U T
BeaconKV [224] 2026 D - M+B R beacon + recent query attention Drop U T
(b) Sparse reads over a retained cache

SparQ [386] 2023 D - B —  top-r query dims + mean value Keep U T
InfLLM [518] 2024 P+D - M+B  S+R representative-token similarity Off. 8] B
Quest [462] 2024 D - B —  page min/max key bounds Keep U B
QuickLLaMA [250] 2024 P+D - M+B  S+R query-aware block lookup Off. U B
SampleAttention [586] 2024 P - C S+R sampled column stripes + window  Keep H T
InfiniGen [244] 2024 D - M+B — next-layer rehearsal attention Off. U T
PQCache [556] 2024 D - M+B S+R PQ-approximated g - k Off. U T
EM-LLM [101] 2024 P+D - M+B  S+R surprise events + k-NN similarity Off. U E
RetrievalAttention [272] 2024 D - M+B S+R attention-aware ANNS Oft. U T
MagicPIG [52] 2024 D - M+B S+R LSH importance sampling Off. U T
SqueezedAttention [169] 2024 P+D - C+B —  hierarchical centroid lookup Keep H C
RefreshKV [525] 2024 D - B — periodic full-attention refresh Keep U T
AttentionPredictor [536] 2025 D Aux M+B  S+R CNN-predicted attention Off. U B
(c) Natively sparse attention: the sparsity pattern is learned as part of the model

MoBA [282] 2025 P+D Scr/Retro C+B R query - mean-pooled block key Keep U B
NSA [547] 2025 P+D Scr. C+B R compression-branch attention Keep U B
MoSA [359] 2025 P+D Scr. M+C — expert-choice router (non-causal) Drop U T
DSA [75] 2025 P+D  Retro C+B — lightning indexer (KL-aligned) Keep U T
MSA [311] 2026 P+D Scr. C+B R index branch, per GQA group Keep U B
HiLS-Attention [174] 2026 P+D Scr./Retro C+B R landmark chunk scores (LM loss) Keep U B

Table 2: Comparison of token reduction methods, grouped by mechanism and ordered by the year of the first public
version. Phase: P = selection is decided once on the prompt after prefill; D = repeated during decoding; P+D = applied
throughout the sequence. Train.: — = training-free; Aux = only an auxiliary module is trained and the LLM is frozen;
Retro = an existing LLM is further trained; Scr. = trained from scratch. Saves: M = KV memory on the GPU (for
offloading methods it is moved to host memory rather than discarded); C = attention compute in prefill or training; B =
per-step KV reads (memory bandwidth) in decoding. Kept: S = initial (sink) tokens and R = a recent window (or the
current block) are exempt from selection. Cache: Drop = unselected entries are discarded; Merge = merged into fewer
entries; Off. = offloaded to host memory; Keep = the full cache stays on the GPU and only the reads are sparse. Budget:
U = one budget shared by all layers and heads; L = layer-adaptive; H = head-adaptive; L+H = layer-wise then head-wise.
Gran.: the unit of the keep or read decision, T = token, B = block or page, C = cluster, E = event, H = head, L = layer.
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the bound; and HeadKV [104] sizes head budgets from an offline estimate of each head’s retrieval-and-reasoning
importance. NACL [49] also evicts in a single operation during encoding but scores tokens by the attention they receive
from proxy tokens, typically the question at the end of the prompt, and mixes in random eviction to counter the bias of
attention statistics. Scoring criteria have since moved from attention weights to the perturbation of the attention output.
CriticalKV [99] shows that the value states and the output projection also determine how much dropping an entry
perturbs the output and derives a perturbation-constrained selection rule that plugs into existing methods; DropKV [554]
notes that choosing the evicted set that minimizes this perturbation is NP-hard, decouples it into independent per-token
scores that combine a token’s attention weight with the residual of its value vector relative to the attention output, and
proves a constant-factor approximation guarantee under an empirically verified cone condition, with fused kernels that
avoid materializing the attention matrix.

Coarser than any of these, a third lineage decides per head or per layer. RazorAttention [461] identifies a small fraction
of retrieval heads (about 15% in its setting) through echo and induction tests, keeps their cache intact, reduces all
other heads to sinks and a recent buffer, and folds each head’s dropped entries into a single compensation token;
DuoAttention [520] learns the same split with one trainable gate per head, optimized on synthetic retrieval data with the
LLM frozen, and streams the non-retrieval heads at inference; SimLayerKV [564] identifies lazy layers, whose attention
concentrates on the initial and recent tokens, at prefill time and replaces their full attention with streaming attention.
LeanKYV [565] adds a precision axis, sorting each head’s tokens by attention into full-precision, quantized, and evicted
tiers under per-head dynamic budgets.

Two recent directions relax the dependence on the queries seen so far. KVzip [223] scores each entry by how much
the frozen model attends to it when prompted to reconstruct the context from the cache, so that the compressed cache
can be reused across arbitrary later queries; it reports a 3—4x reduction at negligible loss across question answering,
retrieval, reasoning, and code tasks. For long chain-of-thought decoding, where the cache is dominated by generated
tokens, BeaconKV [224] shows that certain decoding steps re-attend to distant context, such as a plan formulated
early in the trace, which the most recent queries do not anticipate; observing that the queries of such steps cluster
into a small number of groups, it maintains a compact set of beacon queries that are refreshed during decoding and
scores cached entries with the beacon queries together with the recent ones while always retaining a recent window,
reporting up to 5.8X memory reduction on open-weight reasoning models while nearly preserving full-cache accuracy.
ReasonAlloc [274] addresses the same regime at the budget level: it combines an offline layer-wise pre-allocation,
following an architecture-dependent demand profile the authors call a “reasoning wave”, with an online head-wise
reallocation toward information-rich heads during decoding, and is plug-and-play with existing eviction rules such as
SnapKV.

Finally, the policy itself can be learned. DMC [325] retrofits a pretrained model, by continued pre-training on a
negligible fraction of the original data and without new parameters, to predict for every new key—value pair whether
to append it or to accumulate it into the most recent entry, yielding learned per-head compression ratios without any
entry being discarded outright. KVpop [150] keeps sinks and a protected window of recent tokens per KV head and
trains lightweight per-head scorers to rank the remaining tokens for a fixed long-range top-k budget; the scorers are
supervised by the attention a token receives affer it leaves the protected window, i.e., at the eviction boundary where the
keep-or-drop decision is actually made, and the backbone is adapted to the resulting sparse pattern by distillation from
the full-attention model. SepLLM [46] builds on the observation that separator tokens receive disproportionately large
attention and compresses each segment into the KV of its separator, keeping separators, initial tokens, and neighbouring
tokens; it can be applied training-free, by post-training, or from scratch.

Across the group the trade-off is uniform: memory falls in proportion to the budget, but the retained set is chosen against
the queries available at eviction time. Methods that compress the prompt approach full-attention quality on single-query
benchmarks at moderate budgets, lose accuracy under aggressive compression, and can degrade in multi-turn use
because context relevant to a follow-up question may already be gone; the extent of this degradation depends on the
method, budget, and task. Decoding-time methods face the analogous risk that a token discarded early in a reasoning
trace is needed later.

(b) Sparse Reads over a Retained Cache. Group (b) starts from two observations: decoding is bound by memory
traffic rather than arithmetic, and the entries a query needs are few but change from query to query. Rather than deciding
once which entries to keep, these methods retain every entry, on the GPU or in host memory, and estimate cheaply at
each step which ones to read. The model parameters are unchanged and no entry is permanently discarded; each step,
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however, attends over an estimated subset, so its output is an approximation of dense attention whose error can be traded
against the number of entries read.

The simplest estimators approximate the scores of individual tokens or pages. SparQ [386] uses only the r largest-
magnitude components of the current query to approximate the attention scores from the corresponding slice of the key
cache, fetches the full keys and values of the top-k tokens, and adds the mean of the remaining values to compensate for
the mass it skips. Quest [462] works at page granularity: it stores per-dimension minima and maxima of the keys in
each page, so that an upper bound on any query’s score for that page can be computed from the metadata alone, and
loads only the top-k pages. InfiniGen [244] exploits the similarity of consecutive layers’ inputs to rehearse the next
layer’s attention at the current layer, using skewed partial query and key weights prepared during prefill, and prefetches
only the predicted-critical entries from a CPU-resident cache pool. AttentionPredictor [536] learns the estimator:
a small convolutional model, trained offline on collected attention maps, predicts the next step’s attention from its
recent temporal pattern at block granularity, recomputes dense attention periodically to correct drift, and drives block
prefetching from an offloaded cache.

A second family organizes the cache as a retrievable memory. InfLLM [518] splits the distant context into block-level
memory units, represents each unit by the few tokens that received the most attention within it, retrieves the units
most relevant to the current tokens alongside the initial tokens and a local window, and offloads rarely used units to
the CPU; because the local window bounds the effective attention span, it also lets models trained on short contexts
process sequences of up to 1M tokens without training. QuickLLaMA [250] builds on it by keeping the user’s question
in the window so that the lookup is query-aware. EM-LLM [101] segments the stream into variable-length episodic
events at points of high Bayesian surprise, refines the boundaries with graph-theoretic criteria, and retrieves events
by k-NN similarity together with their temporal neighbours; since only the events read at a step reside on the GPU,
context length is limited by CPU memory or disk rather than by GPU memory. PQCache [556] treats attention as an
embedding-retrieval problem and borrows the classic tools of approximate nearest-neighbour search (ANNS) [23]:
during prefill it product-quantizes [202] the keys, clustering each subspace with K-means, and keeps the full cache
in CPU memory; during decoding it approximates scores from the codes and centroids and fetches the top-k tokens,
deliberately at token rather than block granularity because relevant tokens are scattered. Retrieval Attention [272] notes
that queries and keys follow different distributions, so that off-the-shelf approximate nearest-neighbour indexes over
keys must scan a large fraction of the vectors; it builds an attention-aware index that connects the prefill queries to their
exact nearest keys, so that a decoding query first finds similar past queries and through them the relevant keys, keeps a
static set of initial and recent tokens on the GPU, and merges the partial attention computed on the CPU and the GPU.
MagicPIG [52] questions top-k retrieval itself: attention is often less sparse than its sink-dominated shape suggests (the
top 20% of keys may cover only 70% of the mass), so it replaces selection with self-normalized importance sampling
whose proposal distribution comes from locality-sensitive hashing, runs the hash tables and the sampled attention on
the CPU, and keeps sinks and local tokens on the GPU. SqueezedAttention [169] targets a fixed context shared across
requests: it clusters the keys offline into a hierarchy of centroids, compares each query with the centroids online to
retrieve the relevant clusters, and calibrates the threshold so that heads with flatter attention read more keys, accelerating
both prefill and generation.

Two members differ in when they act. SampleAttention [586] accelerates prefill rather than decoding: it samples a few
query rows per chunk to find the head-specific column stripes and local window that carry a target fraction of cumulative
attention, then computes only those blocks. RefreshKV [525] keeps a small cache of the tokens most attended at the last
full-attention step and decides at every layer and step, from the similarity between the current query and that step’s
query, whether to attend over the subset or to refresh it with a full pass.

The advantages of the group mirror the weaknesses of group (a): every query can reach the full history, so a follow-up
question is not penalized by an eviction made for an earlier one, and quality is governed by the per-step read budget and
the recall of the estimator rather than by a one-shot decision; a read that misses a relevant entry still changes the output,
and that error can propagate into later hidden states. Its costs are that GPU memory is saved only by offloading, which
makes PCle bandwidth and CPU compute the new bottleneck; that indexes or metadata must be built at prefill; and that
the estimators add per-step work of their own.

(c) Natively Sparse Attention. Group (c) makes sparsity part of the model: the pattern is produced by a trained
component, so there is no approximation of a dense model, at the price of training. Whether the pattern is also applied
identically in training, prefill, and decoding, and hence whether the train—inference discrepancy disappears, has to be
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checked per method: a causal selector (MoBA, NSA, DSA, MSA, HiLS-Attention) can be used unchanged at decoding
time, whereas a selector that ranks all tokens of a sequence cannot. MoBA [282] divides the preceding context into
fixed-length blocks and, for each query, computes an affinity score against a mean-pooled key of every block; the
query then attends only to its top-k blocks together with the current block. Unselected blocks are not evicted: they
remain in the KV cache and may be selected by other queries or heads. NSA [547] uses a dynamic hierarchical sparse
strategy that combines coarse-grained token compression, fine-grained block selection whose scores are derived from
the compression branch, and a sliding-window branch, so as to maintain both global context awareness and local
precision with hardware-aligned kernels. MoSA [359] selects, for each sparse head, the top-k tokens of the sequence
with expert-choice routing and computes the query, key, and value transformations only for those tokens, which shrinks
the key—value count of a sparse head from T to k; a few dense heads are retained, so the total count is 7 Hgense + kK HMoSA -
Because the top-k is taken over the whole sequence, the routing is non-causal: the original paper evaluates MoSA with
teacher forcing and lists an autoregressive adaptation, e.g., a learned causal predictor as in Mixture-of-Depths, as future
work, so its decoding-time behaviour is not yet established. We return to MoSA from the routing perspective in Sec. 7.1.

Recent advancements in million-token context large language models have increasingly relied on training-based sparse
attention architectures to overcome the quadratic computational complexity of dense attention. Unlike training-free
heuristic masks, these methods integrate dynamic, learnable sparsity directly into the pre-training or continued
pre-training phases. DeepSeek Sparse Attention (DSA), introduced in DeepSeek-V3.2 [75], trains a lightweight lightning
indexer that scores past tokens for each query and restricts attention to the top-k scored entries on top of an MLA
backbone. Building on this, DeepSeek-V4 [76] interleaves Compressed Sparse Attention (CSA), which applies DSA-style
indexer-based top-k selection over compressed key—value entries, with Heavily Compressed Attention (HCA), which
attends densely over a much more aggressively compressed set of entries without an indexer. GLM-5 [122] adopts DSA
through a cost-effective two-stage continued pre-training strategy, further stabilizing the indexer during long-horizon
reinforcement learning via deterministic top-k operators. To address the memory-wall bottlenecks on specialized Al
accelerators, LongCat-2.0 [291] proposes LongCat Sparse Attention (LSA). LSA incorporates streaming-aware indexing
to enable hardware-friendly coalesced memory access and utilizes cross-layer distillation to amortize the indexer’s
computational overhead across multiple Transformer layers.

MiniMax Sparse Attention (MSA) [311] instead builds block-sparse attention on top of GQA rather than MLA: a
lightweight index branch, with one index query head per GQA group and a single index key head, scores key—value
blocks by max-pooled similarity and selects a separate top-k set of blocks for each group (the local block is always
included); the main branch then performs exact block-sparse attention over the selected blocks, and a KL loss aligns the
index distribution with the group-averaged attention distribution of the main branch. On a 109B-parameter natively
multimodal model, MSA is reported to match GQA quality while reducing per-token attention compute by 28.4x at a
IM context.

HiLS-Attention [174] targets a limitation shared by chunk-wise designs such as MoBA, NSA, and MSA: the chunk
scores are used only to pick a hard top-k set and are then discarded, so the language-modeling loss cannot directly
optimize the selection (DSA and MSA instead train their indexers with an auxiliary KL objective). It appends a landmark
token to each chunk to obtain a learnable chunk summary and factorizes attention into an inter-chunk softmax over
chunk summaries followed by an intra-chunk softmax within the selected chunks, so that the selection scores are trained
end-to-end by the language-modeling loss; after continued pre-training of a 7B model on 50B tokens, it is reported to
retain full-attention quality in-distribution and to extrapolate to more than 64X the training context length.

Once attention itself is sparse, the indexer that scores the whole prefix for every query becomes the remaining O(7?)
term. Two training-free remedies for DSA-style models have been proposed: HISA [528] replaces the flat token scan
with a block-level coarse filter followed by token-level refinement inside the retained blocks, producing the same top-k
token pattern as the original indexer with up to 3.75X faster indexing at 64K context, and IndexCache [22] exploits
the similarity of top-k selections across adjacent layers by running the indexer only in a subset of layers and reusing
its indices in the others, removing up to 75% of indexer computation; both have been applied to DeepSeek-V3.2 and
GLM-5 without retraining the attention weights.

Collectively, these reports indicate that learning the sparsity pattern jointly with the model weights, often combined
with KV compression, can approach full-attention quality at a fraction of the attention cost; controlled comparisons
against training-free methods under matched budgets remain limited, however.
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Scoring Signal. The Scoring-signal column of Table 2 orders these proxies by how much of the future they try to
anticipate. Position-only rules (StreamingL. LM, LM-Infinite) and the separator rule of SepLLM use no content: they are
trivially reusable across queries and cost nothing at selection time, but are task-agnostic. Attention accumulated over
past queries (Scissorhands, H,O) and attention from a recent observation window (the SnapKV family, CAKE, DropKV)
assume that what recent queries attended to is what future queries will need. This assumption holds well within a
single turn and is what makes prompt compression competitive at moderate budgets, but it fails across turns and in long
reasoning traces, which is precisely the motivation for KVzip’s reconstruction-based scoring and BeaconK'V’s beacon
queries. Similarity to the current query, whether estimated by approximate nearest-neighbour search (Retrieval Attention,
PQCache), bounded per page (Quest), or sampled (MagicPIG), is the most faithful signal, but it is available only when
the full cache is retained, i.e., in group (b). Learned scorers can encode any of these cues; they are supervised by
future attention (KVpop), by the deviation from the full-attention output (DuoAttention), by the language-modeling loss
under a compression penalty (DMC), by the attention distribution of the main branch (DSA, MSA), or directly by the
language-modeling loss through the factorized inter-/intra-chunk softmax of HiLS-Attention. Every signal except the
position rules adds computation at selection time; in group (c) this indexer cost is what remains of the quadratic term,
and HISA and IndexCache exist to reduce it.

Phase and Protected Tokens. The Phase column records when the selection is made. Prompt-compression methods
such as SnapKV, PyramidKV, AdaKV, NACL, and KVzip decide once, on the prompt, after a dense prefill; the tokens
generated afterwards are cached in full, so these methods bound the memory of long inputs but not of long outputs.
Decoding-time methods such as H,O and Scissorhands, and the retrieval methods of group (b), re-select at every
decoding step, which is what long chain-of-thought generation requires; BeaconKV and ReasonAlloc are designed
specifically for this regime, and SampleAttention, which sparsifies prefill only, is the exception within group (b).
Position-based rules, head- or layer-level policies (FastGen, RazorAttention, DuoAttention, SimLayerKV), and the
learned designs of group (c) apply one rule throughout, so they treat prompt and generated tokens alike (MoSA excepted,
since its sequence-level routing has so far only been evaluated with teacher forcing). The Kept column records a second,
nearly universal design choice: most methods exempt the initial (sink) tokens and/or a recent window from selection,
reflecting the attention-sink phenomenon and the locality of attention, so that even query-dependent methods retain a
static, query-independent core. Group (c) inherits the same prior in learned form, as the current block of MoBA and
MSA, the sliding-window branch of NSA, and the local window of HiLS-Attention; MSA reports that when the forced
selection of the first block and of a fixed local window is removed, the trained model still selects both, so only the block
containing the query is forced in its final recipe.

Training Requirement vs. What Is Saved. The Train. and Saves columns are independent axes and should not be
conflated. Training-free methods approximate the original model: their quality depends both on the backbone and on
the perturbation they introduce, and they can be applied to any pretrained model at once. Trained methods change the
hypothesis space and remove the train—inference discrepancy, but require training and shift the model’s representation.
Between the two extremes, auxiliary-module methods (Aux) keep the LLM frozen and train only a small component,
such as DuoAttention’s per-head gates or AttentionPredictor’s convolutional predictor; retrofit methods (Retro) further
train an existing model to a new cache policy or attention pattern with a small fraction of the pre-training budget,
as DMC and KVpop do for eviction and merging and DSA does for learned sparse attention; SepLLM, MoBA, and
HiLS-Attention report both retrofit and from-scratch variants, whereas NSA, MoSA, and MSA are evaluated only as
models trained from scratch. What is saved follows from how the selection mask of Eq. (17) is realized rather than from
whether training was involved: removing pruned entries from the cache, or never writing them, saves memory (all of
group (a), whether training-free or trained, and MoSA); skipping the unselected pairs during prefill saves attention
compute, up to the cost of the selector itself (SampleAttention, SepLLM, and group (c)); restricting only what each
decoding step reads saves bandwidth (group (b) and, as a by-product of a smaller cache, group (a)). Most natively
sparse designs therefore require training yet save compute rather than memory, while a retrofitted eviction policy such
as KVpop saves memory exactly as a training-free heuristic does.

Budget Allocation. The Budget column records the shape of the retention budget rather than its size. Most methods,
from StreamingLLLM to SnapKV, KVpop, and the learned designs of group (c), use one quota (U) for every layer and
head. Layer-adaptive schemes (L) exploit the observation that attention concentrates on fewer tokens in deeper layers:
PyramidKYV fixes a decreasing schedule, DynamicKV and CAKE derive layer budgets from the attention observed at
prefill, PrefixKV searches a global prefix configuration under a Lorenz-curve criterion, and SimLayerKV reduces whole
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Figure 8: Optimization strategies for the number of heads in the attention mechanism.

lazy layers. Head-adaptive schemes (H) exploit the variability of attention across heads: AdaKV and CriticalKV let a
layer-wide top-k set each head’s share, HeadKV, FastGen, RazorAttention, and DuoAttention fix per-head budgets or
policies from a profile, LeanK'V grades each head’s tokens into precision tiers, KVzip evicts the lowest reconstruction
scores across heads, SampleAttention and SqueezedAttention read a head-specific number of keys, and DMC learns
per-head compression ratios. Operating head by head does not by itself make an allocation head-adaptive: NACL’s
random eviction and LM-Infinite’s optional per-head top-k use the same quota for every head and are therefore marked U.
Most non-uniform schemes are designed for the prefill phase, where the whole prompt is visible; ReasonAlloc extends
layer-wise and head-wise allocation to the decoding phase of reasoning models, where eviction methods otherwise share
one budget uniformly. At an equal total budget, non-uniform allocation assigns more capacity to the layers or heads that
need it, at the cost of a profiling or estimation step.

Granularity. The Gran. column records the unit over which the keep-or-read decision is made. Token-level selection
(T) is the most flexible and is used by every token-eviction method of group (a) and by the token-retrieval methods
of group (b); PQCache argues for it explicitly, on the grounds that relevant tokens are scattered and the contiguity
assumption behind block-level lookup does not hold. Block-level selection (B) trades this flexibility for regular memory
access: Quest, InfLLM, QuickLLaMA, and AttentionPredictor decide per fixed-size block or page, which maps naturally
onto paged memory and fused kernels, and the natively sparse designs MoBA, NSA, MSA, and HiLS-Attention select
blocks or chunks for the same reason, whereas DSA selects token-level entries and CSA selects compressed KV entries
through a dedicated indexer, whose cost then motivates accelerators such as HISA and IndexCache. Cluster- and
event-level units (C, E) are data-dependent: SqueezedAttention retrieves K-means clusters of keys, and EM-LLM
retrieves episodic events whose variable length is set by surprise. At the coarsest end the unit is an entire head or layer
(H, L): RazorAttention, DuoAttention, and SimLayerKV decide once per head or layer and add no per-step scoring cost.
Whether coarser units cost accuracy relative to token-level selection at an equal budget depends on the method and task,
and the reported evidence is mixed.

Summary. The three groups are complementary rather than competing, and the choice among them follows from the
binding constraint. When GPU memory is the constraint and the cache cannot be offloaded, group (a) is the option
for an existing model, and the remaining decisions are the phase (prompt compression for long inputs, decoding-time
eviction for long outputs), the scoring signal, and the budget allocation. When quality across many queries over the
same context is the constraint, group (b) keeps every option open at the cost of host memory, host—device bandwidth,
and per-step estimation. When a model is being trained or continued-pretrained in any case, group (c) removes the
approximation altogether and also reduces prefill and training compute, which among training-free methods only
prefill-side sparsification such as SampleAttention achieves. Controlled comparisons across groups under matched
budgets remain scarce, and the interaction of token reduction with the head- and dimension-oriented compression
discussed next is largely unexplored.

5.2 Head Reduction

As formalized in Eq. (3), Single-head Attention (SHA) (H = 1, see Figure 8a) retains full head dimensionality (dg = d),
yet constrains representational capacity by computing a single linear combination of value matrix rows per query token.
This uni-dimensional weighting limits the expressivity of the attention output Attn(X), as all value dimensions share
identical attention weights.

25



Towards Next-Generation Architectures of Large Language Models: A Survey PREPRINT

For the head-oriented formulas below, we write H = H, for the query-head count. Standard multi-head attention (MHA)
has Hy, = H (H > 1, see Figure 8b), which decomposes Query, Key, and Value matrices into H subspaces of reduced
dimensionality (dg = d/H). Each head independently computes attention maps of shape [T, T], yielding H distinct
weighting patterns over Value subvectors. Crucially, this enables dimension-specific attention distributions, enhancing
contextual modeling through distinct query-dependent interactions across head subspaces.

While MHA improves representational power, caching H separate key and value heads per token per layer (a KV cache
ofsize2- L-T - Hdy = 2LTd elements) imposes significant memory overhead, although at fixed total width d this is
the same number of KV elements as single-head attention. Optimization strategies (Figure 8) like Multi-query Attention
(MQA) [432] mitigate this by sharing Key/Value projections across heads while retaining separate Query heads (see
Figure 8c). Formally, Eq. (3) can be modified as follows by removing the head index on the keys and values.

Q(h) — Xw((]h)’ K = XWk,V = XWV

H
1
Atn(X) = ) softmax [ —=QWKT + M| VWS,
(X) ; ( =0 ‘
The primary benefit of MQA is at decoding time: the KV cache, and hence the amount of memory that must be loaded at
every decoding step, shrinks by a factor of H, which directly relieves the memory-bandwidth bottleneck of incremental
inference [432]; the reduction in key/value projection parameters is a secondary side effect. However, sharing a single
Key and Value head reduces the flexibility of the model to learn diverse representations across heads and has been
reported to degrade quality and training stability relative to MHA [1].

Grouped-query Attention (GQA) [1] is an efficient attention mechanism designed to bridge the trade-off between
computational cost and model performance in Transformer architectures. It interpolates between multi-head attention
(MHA) and multi-query attention (MQA) by partitioning the H query heads into g groups, where all query heads within
a group share a single key and value head while retaining their own query projections (Figure 8d); g = H recovers MHA
and g = 1 recovers MQA, and the KV cache shrinks by a factor of H/g relative to MHA. Here Hy, = g, so the cache
has 2LT gdy elements; at fixed total width d = Hdpy, standard SHA and MHA both cache 2LTd elements.
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Here [-] is the ceiling function and g is the number of groups. When 1 < g < H, GQA reduces memory usage compared
to full MHA, while compared to MQA, it maintains some level of diversity by allowing different groups to have different
keys and values. GQA aims to strike a balance between efficiency and model expressiveness, making it useful for
applications where resource constraints are a concern but some level of flexibility is still desired.

In addition to MQA and GQA, AsymGQA [50] proposes an optimized, activation-informed asymmetric grouping
strategy for converting pretrained MHA models into hardware-efficient GQA models. Unlike GQA using uniform
grouping and neighbor-based head merging, AsymGQA employs a similarity-guided stochastic search algorithm to
group KVs asymmetrically (allowing variable group sizes) based on activation patterns (measured via cosine similarity
of layer outputs), not just weight proximity. The grouping is informed by similarity in attention-head activations. In
addition, WGQA [57] enhances standard GQA by introducing learnable weights for KV heads during fine-tuning.
These weights, initialized as group-averages or randomly, enable a parametric weighted aggregation of KV heads
in decoder attention blocks. WGQA exhibits near MHA performance with no inference overhead as weights are
absorbed post-fine-tuning. Furthermore, QCQA [213] proposes an evolutionary algorithm to identify optimal query
head groupings. Unlike GQA’s equal-sized groups, QCQA enables arbitrary-sized groupings or constrained equal-sized
groups across layers. It uses a computationally cheap fitness function, Weight-Sharing Error (WSE), measuring mean
squared error between original and merged KV weight distributions, as a proxy for accuracy loss, avoiding costly LLM
evaluations. Similarly, KDGQA [222] introduces a dynamic extension of GQA that improves query-to-group allocation
by leveraging the L,-norms of key vectors as a proxy for their importance. Unlike GQA, KDGQA allocates queries to
groups based on the relative magnitudes of the key vectors within each layer. The allocation is performed during each
forward pass, ensuring that the grouping mechanism adapts to the importance of key vectors.
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Head reduction methods primarily adjust how query heads share a smaller set of KV heads, effectively optimizing the
query-to-KV head ratio (e.g., MHA — GQA/MQA) to reduce KV cache storage while preserving accuracy. The total
number of heads is usually predetermined manually, which does not increase with the length of the input text, or the
complexity of the task. Therefore, head methods are not as numerous or diverse as those targeting the number of tokens.
Currently, the most commonly used method in engineering is GQA due to its ease of implementation and relatively
robust performance.

5.3 Dimension Reduction
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Figure 9: Illustration of dimension reduction: MLA caches a shared low-dimensional latent per token and recovers
per-head keys and values by up-projection.

Beyond conventional reduction strategies targeting token and head, a third axis compresses the width of the cached
per-token representation. Multi-head Latent Attention (MLA) [73] is the architecture-level instance of this idea. The
basic idea is a low-rank joint compression of keys and values: each token’s keys and values for all heads are generated
from a single low-dimensional latent vector via a down-projection, and this latent is cached along with a small positional
component when decoupled RoPE is used; the per-head keys and values are recovered by up-projection when needed, as
shown in Figure 9. Note that ML A does not shrink the per-head dimension dg used inside attention; it replaces H
separate key and value heads with one shared latent whose dimension d, is much smaller than 2Hdy. At inference
time the up-projection matrices can be absorbed into the query and output projections, so that attention scores are
computed directly against the cached latents without materializing per-head keys and values. Through this strategy,
MLA substantially reduces the size of the KV cache and the memory traffic of decoding while maintaining quality
comparable to MHA in the reported experiments [73].

For the following schematic derivation, we use a common latent width d, for keys/values and queries for notational
simplicity; actual models may choose different widths. MLA has the following expression for keys and values:

Crv = XWary,
K" = Co W' .V = Wiy,

where Wy, € R4%4e is the down-projection matrix for keys and values, d.. is the compression dimension (d. < 2Hdy)
and Wy;c), Wyé) € Ré*du are the up-projection matrices for the Ath head. Furthermore, MLA also applies low-rank
compression for queries in order to reduce the activation memory during training:

Cy = XW4,, Q" = C,WL,

where Wy, € R4*de and W,SZ) € Ré>du are down-projection and up-projection for queries respectively.

It is worth noting that MLA cannot be seamlessly combined with RoPE [450] in its naive form. The incompatibility
concerns the weight-absorption trick described above: RoPE inserts a position-dependent rotation between the query
projection and the key up-projection W, and because this rotation depends on the relative position of the query and
key, it cannot be folded into a single static matrix. Without absorption, the keys of all cached positions would have to be
up-projected and rotated at every decoding step, forfeiting the computational advantage of attending directly over the
latents (the storage saving itself would remain). Consequently, MLA adopts a decoupled approach: a small additional
rotary key, shared across heads, and a matching rotary query component carry the positional information, while the
main low-rank latent remains position-free and absorbable [73].
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Subsequent work on this axis splits into native alternatives to MLA, conversions of existing models, and post-training
compression of the hidden dimension. Tensor Product Attention (TPA) [567] factorizes the query, key, and value
activations of each token, rather than a static weight, as a sum of contextual tensor products: Q; = RélAQ (x/)"Bo(x)
and likewise for K; and V,, where the factor matrices are linear functions of the hidden state. Only the key and value
factors are cached, so the per-token footprint is set by the ranks Rx and Ry rather than by Hdp. RoPE is applied to the
By and Bk factors and is therefore native; there is no need for MLA’s decoupled rotary stream. The authors report
that a TPA Transformer (T6) matches or improves upon MHA, MQA, GQA, and MLA in pre-training perplexity and
downstream scores at a substantially smaller KV cache.

Grouped Latent Attention (GLA) [548] keeps MLA’s latent compression but changes how the latent is laid out for
hardware. MLA’s single latent cannot be sharded, so every device in tensor parallelism must reload the full cache. GLA
groups the latent into shardable slices of width 2dy and pairs this with an optimized kernel; it is reported to match
MLA quality while being easier to shard, with up to 2x the throughput of FlashMLA when the query length exceeds
one (as in speculative decoding) and up to 2x end-to-end serving throughput from the smaller per-device load. The
same paper introduces Grouped-Tied Attention (GTA), which ties the key and value of each GQA group into one state
and applies RoPE only to a small extra key; GTA is reported to match GQA quality at roughly half the cache.

MLA and TPA must be trained (or continued-pretrained) as part of the model. TransMLA [293] instead converts a
pretrained GQA or MHA model into an MLA model by initializing the latent projections from the existing weights,
decoupling RoPE so that absorption remains valid, and fine-tuning. On LLaMA-2-7B it reports compressing 93% of the
KV cache and a 10.6x inference speedup at an 8K context after fine-tuning on 6B tokens, and the converted checkpoint
is compatible with DeepSeek-style MLA serving stacks.

A third line never changes the attention definition and only compresses the hidden dimension of an already-trained
cache. Palu [43] applies SVD offline to the key and value projection weights, caches the low-rank intermediate, and
reconstructs full keys and values at decode time. A group-head decomposition (G-LRD) interpolates between per-head
SVD, which is cheap to reconstruct but less accurate, and a single joint SVD across all heads, which is more accurate
but H times more expensive to reconstruct; ranks are assigned from Fisher information. Palu reports a 50% KV cache
reduction on popular open models and is orthogonal to quantization and token eviction. Because RoPE sits between the
reconstructed key and the query, Palu cannot absorb the reconstruction into a static matrix the way MLA does, so the
storage saving does not automatically become a latency saving unless the reconstruction, RoPE, and score are fused.

ThinK [529] reduces width by pruning channels of the key cache rather than by a low-rank subspace. It scores channel
j of head i by ||Q(’]) (KE’})T ||F over a query window and greedily keeps the top channels, leaving values intact. The
method is training-free and complementary to token eviction and KV quantization; combined with them it is reported to
add more than 20% extra memory reduction on LLaMA and Mistral long-context benchmarks. Unlike MLA, TPA, and
Palu, ThinK does not introduce a latent: it simply drops coordinates of K.

5.4 Layer Reduction
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Figure 10: Illustration of cross-layer KV sharing: adjacent layers reuse or merge their KV states.

The last perspective of reduction is layer reduction, which shares or merges KV states across layers (Figure 10).
MiniCache [270] proposes a method to compress the KV pairs of two adjacent Transformer layers together, based on the
observation that the KV cache states between two adjacent layers are highly similar, particularly across the middle to
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deep layers. Specifically, it merges the KV caches of two subsequent layers into shared states and selects unmergeable
tokens for retention. In addition to MiniCache, several concurrent works share KV heads across layers rather than
merging them post hoc. Cross-Layer Attention (CLA) [32] lets a group of adjacent layers reuse the keys and values
computed by one of them, and YOCO [457] caches keys and values only once in a self-decoder and lets a cross-decoder
attend to this shared cache. MLKYV [591] combines this idea with MQA: it uses a single KV head within each layer
and further shares that head across multiple self-attention layers. Moreover, LCKV [512] proposes computing and
caching KV pairs for only a small subset of layers, often just the upper layer. During inference, lower-layer queries reuse
these cached KVs, reducing KV cache memory and improving decoding throughput. While LCKV [512] introduces
dependencies on top-layer cached values from previous tokens (conflicting with the parallel training of Transformers), it
addresses this challenge with an approximate training method that preserves parallelism, making LCKV a practical
solution for reducing resource overhead while maintaining competitive performance. In contrast to focusing on sharing
KV across layers, Shared Attention [261] targets sharing the attention scores directly. SA proposes to reuse precomputed
attention weights across multiple layers, rather than recalculating them for each layer. This method takes advantage
of the isotropic patterns often observed in the attention distributions of pre-trained LLMs, where attention structures
remain consistent across layers. By directly sharing these attention weights, SA avoids recomputing attention scores in
the sharing layers, reducing both computation and the amount of key cache those layers require.

5.5 Future Directions

In this section, we have discussed efficient attention from four perspectives: token, head, dimension, and layer. Each of
these approaches can be viewed as a form of compression, aimed at improving the efficiency of training or inference,
and is motivated by the observation that KV caches exhibit redundancy along multiple axes. Two directions appear
particularly promising:

* Input-Dependent Token Methods: Among these axes, token reduction stands out as the most complex and
context-sensitive, since input tokens are inherently dynamic and variable in length. Many head-, dimension-,
and layer-sharing designs use fixed architectural choices, although input-dependent allocations such as KDGQA
provide exceptions. Token methods therefore offer one important route to input-dependent state and access
control.

¢ Composing Multiple Axes: A promising direction is to integrate several of these axes within a single
architecture. The axes are not fully independent, however: MLA already shares one latent across all heads,
so it cannot be stacked with GQA-style head grouping or with head-wise budget allocation (e.g., AdaKV)
in a straightforward way, and cross-layer sharing constrains which layers can be pruned independently.
Understanding which combinations compose cleanly, and at what cost in quality, remains an open question.

6 Linear Language Models

Compared with efficient attention, linear recurrent/attention models have emerged as another category of prominent
alternatives. These models are built on operators with linear computational complexity, making them more efficient at
processing long sequences. This section examines the mathematical formulations of their basic operators, grouped
into four types: recurrent neural networks, fast weight programmers, state space models, and linearized attention. For
each category, we trace their historical development and elaborate on their specific formulations. The per-timestep
computation graphs of five representative operators are illustrated in Figures 11a to 11e.

6.1 Recurrent Neural Networks

Recurrent Neural Networks (RNNs) have a long and influential history in machine learning [414, 417, 405]. Unlike
conventional feed-forward neural networks, RNNs introduce feedback connections that form directed cycles within the
network. These pathways allow information from previous timesteps to influence future computations, endowing the
model with an internal state capable of retaining contextual information. Such temporal memory is crucial for tasks
involving sequential or time-dependent data, including speech and language modeling [323, 94, 421, 388, 100, 27, 116,
301, 302, 128, 460].

The conceptual roots of recurrent computation can be traced to early dynamical systems such as the Ising model
(or Lenz-Ising model) [245, 197, 237, 506, 232] in the 1920s, which illustrated how interacting units with cyclic
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dependencies can maintain and stabilize internal states [405]. Later, foundational works [289, 232] proved that such
recurrent structures could function as formal computational units capable of processing sequences. Although such
systems lacked trainable mechanisms, they offered an early template for later recurrent neural models that rely on feedback
connections to maintain temporal context. A standard recurrent neural network formalizes this notion of temporal
memory by updating a hidden state based on both the current input and the previous hidden state. Mathematically, the
basic operation of a vanilla RNN is expressed as:

h; = f(W, ht—l’xt)’

(19)
Yt = htWy7

where x; is the input at timestep ¢, h; is the recurrent hidden state (memory), y; is the output, and f(-) is a nonlinear
transition function parameterized by W. The hidden state integrates past information through %,_;, and the output is
produced by decoding h, with weights W,,. In autoregressive settings, y, may be fed back as part of the next input,
enabling sequence generation. Since the hidden state has fixed dimensionality, an RNN retrieves historical information
solely through this compressed memory rather than storing all past inputs explicitly. This makes each recurrent update
constant-time, yielding overall linear complexity in sequence length. Such computational efficiency has historically
positioned RNNSs as a central approach for modeling long-context sequential data.

Trainable RNNss first emerged in the early 1970s. Pioneering work by Shun-Ichi Amari in 1972 made the Ising recurrent
architecture adaptive, introducing learning rules that modified recurrent connections to associate input patterns with
output patterns by dynamically adjusting connection weights [6, 170, 324]. Around the same time, recurrent computation
in the context of biological neural dynamics and hippocampal memory was explored [133, 287]. Subsequent research
on associative memory and self-organizing recurrent structures further advanced this direction [134, 235, 324]. Then,
Backpropagation Through Time (BPTT) [268, 394, 507] was formalized as a general method for training RNNS,
enabling gradient-based optimization of model parameters. However, this training procedure revealed two fundamental
challenges: the vanishing and exploding gradient problems [165], wherein gradients either decay toward zero or grow
exponentially as they are propagated backward through long temporal sequences.

To address the vanishing and exploding gradient problem, the concept of recurrent residual connection was proposed [165],
where a neural unit with the identity activation function has a connection to itself and the weight of this connection is
1.0 [418]. This principle was instantiated in the standard Long Short-Term Memory (LSTM) architecture in 1997 [167].
The core LSTM unit featuring this residual connection was termed constant error carousels (CECs) [167], designed to
enforce the constant error flow. The specific design is as follows:

Cr =Ci—1+ 8 Omy,

(20)
h; = n; ©tanh(c;),

where c; is the cell state (memory) on which operations are performed, m, represents the processed new information
to be added, g; denotes the input gate activation controlling how much new information is added to the cell state, n,
denotes the output gate activation controlling how much of the cell state is exposed to the next step, and © denotes
element-wise multiplication. Subsequently, the later LSTM with a forget gate [117] introduced the adaptive forget
gate activation f; to replace the fixed weight, forming the gated recurrent residual connection. Thus, the update rule
becomes:

¢ =fi0c-1+8& Omy,

(21)
h; = n, ©tanh(c,).

Although the learnable forget gate may reintroduce the vanishing gradient problem, it is rendered more controllable via
training: when f; approaches 1, it approximates constant error flow; when necessary (e.g., to shift focus to new tasks),
it can temporarily disrupt this flow. By incorporating gating mechanisms and a dedicated cell state, LSTMs enable
selective retention or forgetting of past information during the forward pass. The gate activations as well as the input
transformation are computed as:

i = U([hl—hxt]wf)v
g =0o([hi—1,x,]Wy),
m; = tanh([h;-1,%;]Wp),
n: =o([hi—1,x:]W,),

where [, -] denotes concatenation, o is the sigmoid activation function, and W, are the corresponding weight matrices.

(22)
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To further stabilize the gradients in RNNs, various initialization techniques for their weight matrices have proven
effective. For instance, initializing these matrices as identity matrices [243] or orthogonal matrices [400] can lead to a
positive impact. A classic example of this principle is the later LSTM with a forget gate [117], where forget gates were
specifically initialized to 1.0. This ensures the gates remain open at the start of training, effectively allowing the model
to begin with plain residual connection, like the 1997 LSTM. Additionally, injecting special structural biases can also be
beneficial, especially for long sequences, including: (a) unitary and orthogonal model weight matrices [155, 11]; (b)
exponential parameterization for diagonal weight matrices [139, 343]; (c) time (positional) decay mechanisms [352].

In addition to stabilizing backpropagation, enabling parallel training is also crucial for the practical deployment of RNNs,
particularly in large language models. However, the inherent sequential nature of RNN hidden states prevents parallel
computation. A key strategy to overcome this limitation is to linearize the temporal dependencies of the inputs [288],
leading to the development of /inear RNNs. Recently, significant efforts have focused on scaling the language models
formed by linear RNNs for large-scale training:

* The Linear Recurrent Unit (LRU) [343] improves the training of large linear RNNs by employing exponential
parameterization of complex diagonal weight matrices, y-normalization of hidden activations, and weight
initialization with restricted eigenvalue phases. Hawk [72] further shows that incorporating gating mechanisms
into LRUs can lead to performance improvements.

* Receptance Weighted Key Value (RWKYV) [352] is another prominent large-scale RNN architecture. Each
RWKY block comprises a token mixing operation and a channel mixing operation, both of which perform
local feature aggregation and transformation on sequential inputs, followed by a gated linear unit. Note that the
token mixing operation incorporates a linear recurrent scan of the transformed features before the gating unit to
enable global information aggregation, alongside time (positional) decay and specialized weight initialization
for stabilizing training. While this architectural shift to linear recurrence enables parallel training, it introduces
expressivity trade-offs. RWKYV as well as Mamba [136] remains a simplified and less powerful variant of the
LSTM [117], streamlining the gating mechanisms for efficiency at the expense of the fine-grained state-tracking
inherent in the original LSTM.

e xLSTM [24] revisits the LSTM architecture for large language models, using SLSTM and mLSTM modules as
its backbone—both enhanced variants of LSTM. These modules employ exponential gating to improve storage
decision revisions (i.e., finding the most relevant past tokens for a given query). The SLSTM extends the scalar
memory of the vanilla LSTM by introducing a memory mixing module, which establishes a connection between
the two non-linear recurrent components—the cell memory and the hidden state. To enhance capacity, sSLSTM
extends this mechanism to multiple heads, where mixing occurs independently within each head but not across
them. However, due to the non-linear nature of its recurrence, SLSTM does not support parallelization. In
contrast, mLSTM abandons memory mixing to enable parallelization, effectively adopting the linear recurrent
principles originally established by ULTRA [406, 408]. It adopts a matrix-based memory for enhanced capacity.
This memory is updated using a covariance (outer product) update rule, with multiple heads and cells treated
equivalently in the multi-head scenarios.

6.2 Fast Weight Programmers

Fast Weight Programmers (FWPs) [406, 408, 412, 401, 402, 403, 190, 192, 185] are architectures where a slow neural
network dynamically programs the fast weights [490, 97, 163] of other networks. Typically, an FWP consists of two
interacting components: (1) a slow network that receives the current input and produces programming signals, and (2) a
fast network whose parameters are updated at every time step according to these signals. This design yields an explicit
separation between control and storage, where the control is implemented by the slow weights that learn slowly across
tasks while the storage is implemented by fast weights that store short-lived information within the input sequence,
serving as an efficient memory. FWPs can also be used for meta-learning with self-referential NNs that can learn to
execute and modify their own weight change algorithm [407, 413, 410, 411, 228, 404, 193, 229, 195].

A specific instance of FWP with a differentiable update rule is formulated as follows [406, 194]:

qi. ki vy :xthlow’
W= f(Wio1, ki ®vy), (23)
Ye=q:Wy,
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where W*°% and W, denote the slow weights and fast weights, respectively, the index  denotes the timestep of a series
of data, f denotes a differentiable (e.g., sum-and-squash) function, and ® denotes the outer product. The slow network
first projects the current input into query, key, and value vectors. The outer product of the key and value vectors is then
used to update the fast weights sequentially. At each timestep, the updated fast weights are queried using the current
query to produce the output.

The above form of FWP with a sum aggregation function is equivalent to the linear Transformer without normaliza-
tion [403] (detailed in Sec. 6.5), a connection that has led to it being retrospectively identified as the Unnormalized
Linear Transformer (ULTRA) [406, 408, 420, 403]. This perspective has reignited interest in FWPs within the language
modeling community. Notably, DeltaNet [403] replaces the additive outer-product update rule with an error-correcting
delta rule [508]. This enables it to more readily learn corrections to the current key—value mappings, thereby improving
the memorization of key—value associations. The specific formulation of the delta rule is given as follows:

Ve =¢(k )W,y

iV =v + By (Vt - ‘71),

W, =W,_1 +¢(k;) @vi™ — p(k;) ® ¥,
=W +Bip(ky) ® (vi = 7y),

where ¢(-) is the kernel function discussed in Sec. 6.4, v, is the value retrieved from the previous fast weights at
the current key, and 3; controls how far it is moved toward v,. Thus, —¢(k;) ® ¥, is the removal term constructed
from the current key and its retrieved value, whereas +¢(k;) ® viV is the write term pairing the same key with the
interpolated replacement. We refer below to these key-selective operations as erasing and writing, reserving forgetting
for a decay applied to the entire previous state. The effectiveness of the delta rule as a state update rule has been
demonstrated across many applications, including language modeling [403, 190, 540, 541], reinforcement learning in
game environments [ 190, 193], time series classification [192], and image generation [185]. Remarkably, the delta rule
also improves the expressivity of FWPs compared to FWPs with purely additive or decay-based update rules [194, 131].
DeltaProduct [438] extends DeltaNet by applying multiple delta-rule steps per token, yielding state-transition matrices
formed as products of generalized Householder transformations and improving state tracking and length extrapolation.

(24)

Such a rule can be derived [508] as the gradients of the mean squared error between v; and ¢(k,)W;—akin to the
core of the revived test-time training models [454]—making it highly effective for in-context retrieval tasks. Gated
DeltaNet [541] combines DeltaNet’s key-selective replacement with a data-dependent scalar decay of the entire
previous state, complementing targeted key—value updates with a mechanism for rapidly clearing outdated information.
Comba [172] controls global forgetting and current-key erasure separately: a learned ratio in (0, 1) keeps the erasure
coefficient below the write coefficient, and the current key is also used to adjust the readout. RWKV-7 [354] introduces
a generalized delta rule with vector-valued gating and in-context learning rates. These mechanisms allow different state
features to decay and be corrected at different input-dependent rates. Its relaxed value replacement rule further allows
the erase and write terms to use different directions and strengths. Kimi Delta Attention (KDA) [471] replaces Gated
DeltaNet’s scalar decay with channel-wise decay, allowing different memory subspaces to operate at different retention
timescales, and serves as the recurrent linear-attention operator in Kimi Linear. Since KDA still uses a shared scalar
step size for erasing and writing, Gated DeltaNet-2 [149] replaces it with separate channel-wise key-side erase and
value-side write gates.

6.3 State Space Models

A continuous-time linear State Space Model (SSM) [436] expresses both the rate of change of the state and the output as
linear functions of the current state and input [135, 139]:

d
Eh(t) =h(t)A+x(1)B,
y(1) =h(1)C+x(1)D,

(25)

where x (), h(t), and y(t) denote the input, state, and output at time ¢, respectively, and A, B, C, and D are the model
weight matrices. The choice of A and B in Eq. (25) determines how k() represents the input history. For instance,
HiPPO [137] approximates this history using a fixed number of polynomial projection coefficients stored in k(7).
Differentiating these coefficients yields a linear state equation with potentially time-dependent matrices A and B.
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The SSM also admits a discrete-time recurrent form:
ht = ht—l A + X; B,
Y = hl C + Xt D.

The discrete form in Eq. (26) can be derived from the continuous form in Eq. (25) through discretization with step
size A > 0. For example, zero-order hold (ZOH) gives A = exp(AA) and B = AB(AA)~! ( exp(AA) — I) for invertible
A. The state update in Eq. (26) corresponds to an affine choice of f in the memory update of Eq. (23), and thus the
discretized linear SSM is equivalent to a linear RNN (Sec. 6.1). This equivalence also carries over to model design, i.e.,
the techniques used in discrete SSMs can also be applied to the corresponding recurrent models, including parallelization
computation [139], diagonal state parameterizations and initialization [141, 138], multi-input multi-output states and
multidimensional extensions [439, 327], or input-dependent transitions and gated activations [148, 290].

(26)

Mamba [136] is a competitive discrete SSM (linear RNN) backbone for language modeling, extending the time-invariant
recurrence in Eq. (26) with content-dependent memory control to better capture long-range dependencies. It makes A,
B, and C input-dependent by generating B,, C;, and the discretization step A, from the input at timestep ¢; the resulting
operators are denoted by A;, B;, and C;. This selection mechanism draws on LSTM’s gating principle [167, 117]: A,
determines what is retained from the previous state, B, controls what is written from the current input, and C, controls
what is read out, while D provides a learned, input-independent skip connection from input to output.

Mamba-2 [70] improves Mamba’s parallel training efficiency on long sequences with tensor-core-accelerated matrix
multiplications. To enable this acceleration, it constrains A, to a scalar multiple of the identity, so its core recurrence
can be written as additive ULTRA with scalar forgetting (Sec. 6.2) [541], or equivalently as a scalar-gate specialization
of Gated Linear Attention (GLA) [539]. For parallel training, Mamba-2 computes the unrolled recurrence (a sum of
writes weighted by transition products) using intra-chunk parallelism and inter-chunk recurrence. Within each chunk, it
combines C; and B; for i < ¢, incorporates decay weights, and applies the resulting chunk-local interaction matrix to the
scaled inputs. Together with inter-chunk recurrence, this avoids explicitly forming and multiplying by the full sequence
interaction matrix. Between chunks, the state follows the affine update structure of Eq. (26). These recurrent and parallel
computations are linked by the semiseparable structure formalized in Structured State-Space Duality (SSD) [70].*
Afterwards, Mamba-3 [240] continues this line with an improved SSM discretization, complex-valued state transitions
for richer state tracking, and a multi-input multi-output update designed to improve the quality—efficiency trade-off.

The real-valued Mamba has been shown to fail on simple state-tracking tasks such as parity [398, 131]. This limitation
arises from the nonnegative diagonal structure of A,, which prevents parity recognition at arbitrary sequence lengths in
the fixed-depth, finite-precision setting. To address this limitation, Grazzi et al. [131] extend the transition range to
include negative values, enabling the modified Mamba to learn parity. Its real diagonal structure, however, still prevents
it from counting modulo three under the same assumptions. In contrast, nonlinear RNNs such as LSTM and sLSTM can
in principle track any finite-state machine, but their standard recurrences require sequential computation [167, 24, 131].
An alternative is to improve state tracking through more expressive linear transitions while retaining parallel training.
For example, allowing negative eigenvalues in DeltaNet enables reflection-like state transitions and improves its ability
to track sequences of permutations [131]. RWKV-7 [354] further generalizes the delta rule with channel-wise control
and more flexible erase—write operations. Its theoretical analysis provides a four-layer construction that recognizes
any regular language under the stated parameterization and log-precision assumptions. These delta-rule models retain
updates that are affine in the previous state, allowing stronger state tracking without sacrificing parallel training.

6.4 Linearized Attention

Linearized attention denotes a category of methods improving the computational efficiency of the dot-product attention
mechanism in the Transformer [489]. Its formulation can be derived by approximating the softmax function with
linear operations. These methods lower the complexity from quadratic to linear when calculating pairwise token
similarity scores. Historically, the conceptual foundation of this approach can be traced back to the Unnormalized
Linear Transformer (ULTRA) [406, 408, 420, 419]. Linearized attentions are closely connected to linear recurrent
operators, paving the way for further developments in linear recurrent models.

Derivation of Linearized Attention. Intuitively, linear complexity can be achieved by reordering the computation of
Q, K, and V in Eq. (3). Nonetheless, this rearrangement is non-trivial because the softmax function has no multiplicative

4Related classical primal—dual views of linear models are discussed in Aizerman [3], Irie et al. [191].
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Method Feature map ¢(x)
Linear Attention [219] elu(x) +1
Cosformer [363] ReLU(x)
Performer’s Kernel [58] g\%) [AiwixT), -, ilwpxT), -+, filwixT),---, filwpx™)]
Random Feature Attention [356] ‘/% [sin(wixT),---,sin(wpxT),cos(wixT),---,cos(wpxT)], w; ~ N(0,BI)
_ lxl
FAVOR+ [55] S [exp(rixT), - exp(rpx ) exp(=rixT), - exp(-rpx )], ri ~ N(O.I)
Hedgehog [559] [exp(wixT +by), - ,exp(wpx" +bp)]
Based [12] [1,x1,... ,de,xf/\/z, . ,xiH/\/z,xlxz,xlx3, e Xy —1Xdyy ]
ReBased [4] (a © LayerNorm(x) + b)2

Table 3: The representative choices of the feature map ¢ in linearized attention; the induced kernel is ¢(q)¢ (k). The
notations f and g denote arbitrary functions, while [ represents a scalar hyperparameter. D is the feature dimension of
¢ (the number of random features), / is the number of feature functions in Performer’s feature map, and x; denotes the
j-th coordinate of x € R4 . ReBased learns the affine parameters a, b of the normalized features separately for queries
and keys.

property. To address this, one straightforward approach is to substitute the softmax with other decomposable functions.
The earlier works [488, 219] view the unnormalized part of the softmax, exp(q;k;), as a positive-definite kernel
evaluated on the query and the key, where ¢; and k; denote the z-th and i-th row vectors of the matrices Q and K,
respectively. Every such kernel is the inner product of a feature map, exp(q,k;) = ¢(q;)¢(k;) ", but for the exponential
kernel the exact feature map is infinite-dimensional, so no finite-dimensional ¢ satisfies this equality exactly [219].
Linearized attention therefore works with a finite-dimensional feature map ¢ : R% — R”, where D is the feature
dimension, chosen either so that ¢(q,)¢(k;) " ~ exp(g,k;) (random-feature or Taylor approximations) or as a different
decomposable kernel that replaces the exponential altogether. With such a ¢, each output vector of the linearized
attention module is formulated as follows:

L b(q) (k)T
L b(g(k)T
_#(q0) - X p(ki) T,
Co(g) X o(k)T

In this way, each query ¢, is multiplied with the aggregated key—value history, instead of being multiplied with each k;
separately, reducing the computational complexity from quadratic to linear.

y; = CausalLinearAttn(q,, K, V) =
(27

Feature Map Design. Although the exponential kernel admits an exact feature map in theory, that map is infinite-
dimensional, so a practical feature map ¢(-) must trade exactness for a finite dimension, and designing it requires
careful consideration. To ensure efficient and effective linearized attention, a theoretically sound feature map should
possess the following key attributes: (a) its output is non-negative; (b) its output dimension is finite; (c) when it is
meant to mimic softmax attention, its approximation error to the exponential kernel is small. In Table 3, we present the
representative choices of these feature maps. For instance, Katharopoulos et al. [219] choose the exponential linear
unit [64] as the feature map. Random Feature Attention (RFA) [356] employs random Fourier features to build an
unbiased estimator of the exponential kernel on £;-normalized queries and keys; the variance of this estimator decreases
as 1/D and is further reduced by the normalization and by a learned feature variance, but RFA gives no bound on the
resulting error of the attention output. Performer [58] approximates the exponential kernel with feature maps built
from positive orthogonal random features, but a large feature dimension is required to guarantee a small approximation
error. Cosformer [363] stabilizes the linearized attention process by introducing the Fourier representation of the
relative positions into the ReLU feature map. PolySketchFormer [214] proceeds in two steps: it first replaces the
exponential kernel by a high-degree polynomial kernel (g,k;)” with p > 4, which it shows empirically to match
softmax quality, and then applies polynomial sketching to obtain a low-dimensional feature map whose inner product
provably approximates this polynomial kernel; the approximation guarantee is thus with respect to polynomial attention,
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not to softmax. Hedgehog [559] restores two properties of softmax attention weights that fixed feature maps lack:
low-entropy spikiness, which lets each token concentrate on a few relevant tokens, and monotonicity in the query—key dot
product, whose absence the authors hypothesize causes conflicting gradients when a pretrained Transformer is converted
to linear attention. Its feature map is a learnable single-layer MLP with an element-wise exponential, applied to the
queries and keys. When converting a pretrained model, the MLP is trained by attention-weight distillation, minimizing
the cross-entropy between the linear attention distribution and the softmax attention distribution of the original layer, so
the target is the normalized softmax weights rather than the raw dot products; when training from scratch, the distillation
loss is dropped and the feature maps are learned end-to-end with the task loss. Based [12] uses a second-order Taylor
approximation of the softmax kernel and combines the resulting global linear attention with sliding-window attention
to capture both long-range recall and precise local dependencies. ReBased [4] replaces this fixed Taylor feature map
with separately learned normalized feature maps for queries and keys. Element-wise squaring preserves non-negative
similarities while removing the fixed lower bound of Based, allowing irrelevant tokens to be more strongly suppressed.

The above studies attempt to minimize the performance gap between linearized attention and dot product attention
from a theoretical perspective. However, in practice, many simple functions (e.g., the linear function) are chosen as the
kernels for convenience [455, 539, 285]. We will discuss these works in the following section.

6.5 Unification and Comparison of Linear Operators

This section investigates the linear operators, i.e., internal state update and output operators of linear language models, to
uncover the strengths and potential of the corresponding models. We begin by analyzing the hidden state update formulas,
as they form the core foundation of these models. This analysis identifies their common traits and differences within
a unified framework. We further analyze these operators from other perspectives, such as expressivity and test-time
training. Through this structured evaluation, we seek to offer insights that can guide the design of next-generation large
language models.

Although recent language models employ linear operators proposed with different motivations, such as linearizing
attention, linearizing RNNSs, or using FWPs (discussed in Secs. 6.1 to 6.4), these operators share a remarkably similar
mathematical form. Here we follow the general form summarized by Yang et al. [540] with more detailed notations to
provide a comprehensive, unified framework for these linear operators:

H[ = F(xt) © Ht—l + k(xt) ® V(xt),

Ze = y(xy) - Ze-1 + k(xy), (28)

ye=a(x;) 0 (q(x,z;) - Hy) + b(xs,2¢).
Here, H; stores the recurrent memory and z; is the optional normalization state. For outer-product memories, H; has dy
rows and d,, columns corresponding to the key and value dimensions, respectively; vector-state models are included by
taking one of these dimensions to be 1. The functions k and v specify the outer-product write, g specifies the readout,
and a and b provide multiplicative and additive output terms. The gates I'(x) and y(x) control how the memory
and normalization states are carried forward, respectively, defining their state transitions [131]. The multiplication
operator ® specifies how I'(x) acts on the entries of the old state H,_;. With element-wise multiplication, each entry
can receive its own decay factor, providing fine-grained control over which features persist and for how long, as in
Mamba [136]. Under matrix multiplication, a diagonal I" shares each row’s decay across its d, value entries, while
a scalar multiple of the identity shares one factor across the entire head state. This prevents value-specific retention
within a row, trading some gating flexibility for computational reuse [539, 70]. A non-diagonal I instead mixes entries
along the key dimension within each value column, supporting key-directed memory correction [541] and, with suitable
parameterizations, stronger state tracking without excessive arithmetic or storage overhead for state updates and parallel
composition [354].

Some works simplify the linear operators by removing the normalization term z, and the output gating term a(x,) of
Eq. (28), leading to a form which essentially belongs to the Unnormalized Linear Transformer (ULTRA) [406] family:
H, =T'(x;) © H;—1 + k(x;) ® v(x,),

Ye=q(x;) - H +b(xy).
By specifying the instances in Eq. (28) (the running normalizer z; is omitted in the ULTRA family, Eq. (29)), the

existing representative linear language models can be summarized in Table 4, grouped by the algebraic type of I'(x).
The computation graph of Eq. (28) is depicted in Figure 11f.

(29)
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(f) The unified linear operator (Eq. (28))

Figure 11: Schematic computation graphs of representative linear operators and their unification, drawn as unrolled
recurrent cells. Each green cell performs the computation of one timestep: the blue circle is the input token x;, the
purple circle is the output y,;, and the horizontal black lines carry the recurrent states, entering from the previous
timestep on the left and leaving toward the next timestep on the right. Yellow boxes denote learned transformations
and gates, while pink nodes denote element-wise or matrix-product operations. (a)—(e): a vanilla RNN (Eq. (19)),
LSTM [117], ULTRA [406], a discretized SSM [436, 136], and DeltaNet [403], where v, = ¢(k,)W,_; retrieves the
value currently associated with the key k, before the error-correcting update. While the recurrences of the RNN and the
LSTM are nonlinear in k,_; (in the LSTM, h;_; re-enters the gate activations f;, g;, m,, n;), the operators in (c)—(e)
update their (matrix-valued) states linearly, enabling parallel training. (f): the unified linear operator of Eq. (28), which
subsumes (c)—(e) and the models in Table 4: the bottom-row boxes are the gates and input-dependent functions, and the
dashed line is the normalization state z,, which is omitted in the ULTRA family (Eq. (29)).
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‘ Hidden State Update ‘ Output
‘ H, =T(x;) © Hi—1 +k(x:) ®v(xs), 20 =y(x¢) 2e-1+k(xs) ‘ ye=a(x) o (q(xe,z¢) - He) +b(xs,2¢)
Model | I'(x)® | k(x) | v(x) ly(x)|  qxz2) | ax) | b(x,z)

Identity / cuamulative: preserves H,_; while new writes accumulate

ULTRA [406] | Wk Wy - xWo 1
Linear Attention ?(xWg)
(488, 219] Lol oGWi) Wy U SawgeT !
Scalar decay: scales all entries of H;_; by one factor
Gated RFA [356 1 w w (Vo) 1

ated RFA [356] ax | (1= ax) p(xWk) Wy | BaWg)ET
RetNet [455] a - xWgk xWy - xWo 1

xW

mLSTM [24] ax - Bx xWi Wy e WWQQZTI} o (xWy) 0
Mamba-2 [70] exp(—Ax A) - xWg Ax x - xWo 1 XOwp
Diagonal / element-wise: scales entries of H,_; without mixing them
DFW [285] Al x®azyx O xWg xWy - xWQ 1 0
LRU [343] a 0o xWy 1 - Wo 1 xWp
GLA [539] Diag(ay) - xWg xWy - xWo 1 0
Mamba [136] exp(—[Diag(Ax) A]T) © xWgk Ax Ox - xWo 1 XOwp
RWKV-6 [353] Diag(ay) - xWg xWy - xWoTI! 1 [q@ (axOu — l)] kTv
HGRN-2 [365] Diag(ay) - 1- ay xWy - ¢ (xWpo) 1 0
RG-LRU [72] ay O 1 Vi-2opeox| - 1 1 0
Longhorn [271] 1-(kok)®Bx © xWg Px Ox - xWo 1 XOwp
MetaL A [60] Diag(ay) - 1- ay xWy - xWo 1 o((qgok)wTv)
Delta-rule variants: mix entries of H,_| through key-directed corrections
DeltaNet [403] I-Bxrk®k - ¢(xWk) Bx xWy - ¢ (xWo) 1 0
GDN [541] ax(I-Bxk®k) - ¢ (xWk) Bx xWy - ¢ (xWp) 1 0
RWKV-7 [354] |Diag(ay) — (kx © Bx) ® kx -+ xWg xWy - xWo 1 (qok)wTv

Table 4: Representative linear operators under Eq. (28), grouped by the operation applied to H;_; through I'(x;) ® H;_;.
Transition classes: Element-wise multiplication and multiplication by a diagonal matrix both rescale H,_; without
mixing its entries. Delta-rule variants instead use key-directed reads of H;_; to construct corrections, optionally
combined with decay. Notation: x denotes the single-head row-vector input, and subscript x marks input dependence:
ay is decay, B, write strength, A, the SSM step size, and «, a removal key. RetNet and LRU use input-independent
a. Within each row, ¢ = g(x,z), k = k(x), v = v(x), and I' = T'(x) refer to the corresponding column entries. ¢
is a feature map or normalization, and o the sigmoid. “~” means no normalizer z,; 1 in k, v, g, a denotes an absent
factor. Parameters: Wo, W, Wy: query/key/value projections; W4: output-gate projection; Wp or wp: skip
connection; A (scalar A): positive SSM state parameter; u: bonus vector; w: learned vector. Scope: Model-specific
gate parameterizations, scalings, biases, and input preprocessing (e.g., convolutions) are omitted; see the cited papers.

As grouped in the table, the most notable differences among linear operators stem from the algebraic type of the gate
I'(x): identity accumulation, scalar decay, diagonal or channel-wise decay, or a rank-1 / generalized-Householder
overwrite. The majority of these linear operators eliminate the need for the normalization term z;. Unlike dot-product
attention mechanisms [219], which rely on softmax normalization, many linear variants, including RetNet [455] and
GLA [539], omit this term to simplify their formulations. Furthermore, the design of the key k(x) and value v(x)
functions varies significantly across models. Linear Attention [219] and RetNet [455] employ straightforward linear
transformations for simplicity, whereas models like Gated DeltaNet [541] as well as RWKV-7 [354] incorporate more
complex functions (e.g., write-strength gating, token shift, and value residuals, whose details are left to the original
papers) to enhance expressiveness and adaptability. Some models also introduce sophisticated scaling terms a(x) and
bias terms b(x) to the output.

Comparison and Analysis. We classify the expressive power of linear recurrent/attention models based on the
following perspectives in Table 5: (a) from the perspective of the gating mechanism I'(x)®, we analyze it according
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Expressivity ‘ Capacity ‘ Adaptability
Method Diagonal/ Data-Independent ~ Non-negative State Test-time Test-ti{ne Test-time
GH/S.calar Gating Spectrum Expansion | Optimization Adaptl-ve Weight Decay
Gating Step Size
ULTRA
Linear Agte(;?o/n [488, 219] - - - Analytic
Gated RFA [356] v v Analytic
LRU [343] v v Analytic
RG-LRU [72] v v Analytic
RetNet [455] v v v Vv Analytic
DFW [285] v v v Analytic
RWKV-6 [353] v v v Analytic
GLA [539] v v v Analytic
HGRN-2 [365] v v v Analytic
MetalLA [60] v Vv v Analytic
Mamba [136] v Vv Analytic
Mamba-2 [70] v v v Analytic
mLSTM [24] v v v Analytic
DeltaNet [403] v v v GD v
Longhorn [271] v Vv Analytic v
Gated DeltaNet [541] v Vv v GD Vv v
RWKV-7 [354] v GD v v

Table 5: We categorize the linear language models of Table 4 (ULTRA and Linear Attention share one row) according
to expressivity restrictions in their gating mechanisms, state dimension expansion [537], and the test-time regression
view [498]. GH denotes a generalized Householder matrix (identity minus a scaled vector outer product), and
non-negative spectrum means that all eigenvalues of the effective recurrent transition are non-negative real values. “-”
denotes that no gating variable is present.

to three aspects: its format®, its data dependency, and its value range; (b) the expansion of state dimension [537]
greatly enlarges the capacity of hidden states; (c) Recent works [541, 498] adopt the perspective of test-time training
(TTT) [454, 26, 271, 491] to provide another view for these operators. For linear networks, this TTT formulation can
be equivalently cast as the FWP update [408], where the model weights are updated during the forward pass to act
as a dynamic associative memory. Sun et al. [454] instantiate this idea as concrete sequence layers: TTT-Linear and
TTT-MLP use a linear model and an MLP as their recurrent states, respectively, and update them by gradient descent
on a learned self-supervised objective. Subsequent methods refine this test-time update. Titans augments mini-batch
gradient descent with data-dependent momentum and forgetting, allowing recent loss gradients to influence subsequent
updates while controlling memory retention [26]. MesaNet replaces the single gradient step on the latest key—value
pair with an approximate solution to a regularized, forget-weighted regression over all pairs observed up to the current
step [491]. At a more general level, test-time regression [498] provides a unified form for these attention operators. It
separates two choices: a per-step regression objective and the solver applied to it. We use the following generalized
objective for the hidden-state update of linear operators:

1 g ! 6
Li(H) =5 > o v () k() HI3 + ZIHIG + S IH-Hiillz. H, = Solve(Lr. Hiet).  (30)

i=s;

In Eq. (30), s; and the nonnegative weights a)lft) select the historical key—value associations to be fitted, while the terms
weighted by A, and 6, penalize a large state and a departure from H,_;, respectively. The objective alone does not
fix the recurrence: Solve denotes the solver applied at each step, which may be exact minimization of £;, a single
explicit gradient step from zero or from H,_;, or an approximation of the exact minimizer. A single gradient step is in
general not the minimizer, so the same objective yields different operators under different solvers, and the operators
below are identified by both choices. For the unregularized cumulative case with s, = 1 and 4; = ¢, = 0, choosing

wlm = ]—15.:1. +171j» where each np; € [0, 1] is a forgetting factor, makes earlier associations undergo more forgetting. The

SNote that while the gating variable I'(x) in some models may not strictly belong to the specific forms, e.g., diagonal/generalized-
Householder/scalar forms, the gating mechanism can degenerate into the forms that exhibit reduced capacities during unfolding [294,
131], such as Mamba.
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following examples show how different settings of (s,, w'"), 1;,6,) and different solvers in Eq. (30) recover familiar
linear operators.

Linear Attention is recovered by setting s, = 1, wst) = 1, and 4; = §; = 0 and taking one unit-step batch gradient

update from a zero candidate state matrix (or equivalently, by approximating the key Gram matrix as the identity in
the analytical least-squares solution), whereas DeltaNet is recovered by setting s; = ¢, w,(t) =1,and A, = 6, = 0 and
taking one online gradient update from H;_; [219, 403, 498]. The accumulator obtained in this way is the unnormalized
form of Eq. (29); the running normalizer z, of Eq. (28) (the denominator of Eq. (27)) is not part of the regression
state and has to be carried separately when a normalized readout is wanted. Keeping s, = ¢, w,(t) =1, and ¢; = 0 but
taking A, > 0, an online gradient step of size p; gives H; = (1 — p,4,)H;_1 + p;k; ® (v, - k,Ht_l). In this update,
the ¢, term produces the overall decay factor 1 — p,;4, on the old state, whereas the gradient of the prediction loss
produces the error-correction term associated with the current key. With a; = 1 — p; 4, B; = p:/a;, and v, = a;v,,
the same update can be written exactly as H, = o, (I — Bk, ® k;)H;_1 + Bk, ® v;, which is the Gated DeltaNet
recurrence [541, 498]. For the multiplicative weights defined above, the exact least-squares solution contains the
inverse of Y!_, wft)k(xl-) ® k(x;) when this matrix is invertible. Approximating this matrix by the identity yields
H; ~ n,H,_| + k; ® v;, a linear attention whose old state is decayed by the scalar gate n, [498]. This is the scalar-gated
special case of Gated Linear Attention, corresponding to the scalar-decay rows of Table 4; the per-key-dimension gate
Diag(a;) of GLA proper [539] does not follow from a scalar weight a)gt), because it requires the forgetting to act
separately on each key dimension rather than on each association as a whole. Finally, when s, = ¢, 4, =0,and §; = 1,

exact minimization with scalar wf’) gives H; = H,_| + k; ® (v, - k,H,_l). The factor multiplying the

wt
o Ik, |13
prediction-error correction shows that its strength is determined by the current association weight and key norm rather
than by a fixed learning rate. Rearranged, this exact (proximal) update reads H, = (I- ¢, k,  k,)H,_| + &, k; ® v,

with g; = w,(t) /(1 + a),(t) ||k, ||§), i.e., a rank-one state mixing along the current key.

6.6 Future Directions

Linear recurrent models have attracted substantial interest because they replace quadratic attention over the sequence
length with recurrent updates that admit parallel training. This efficiency is a central advantage of large language models
for context scaling, particularly for agents that must complete long-horizon tasks. At the same time, several challenges
and opportunities remain:

» State Capacity: an immediate constraint for linear recurrent models arises from the fixed capacity of the
recurrent state. As the context grows, linear models must compress an increasing amount of historical
information into a representation whose size remains unchanged, which may compromise both information
fidelity and direct retrieval. Some researchers have also reported that linear variants can still underperform full
attention on certain tasks in large-scale experiments [122].

* Richer Transitions and Hybridization: Several responses to these limitations are already in progress. One
direction is to enrich the state transition. For example, fully input-dependent non-diagonal transitions let
state channels route information to one another and can represent permutation composition while remaining
parallelizable through a scan, although dense transition products introduce additional computational and
optimization costs [294]. Beyond enriching the transition within each layer, depth provides another source of
expressivity: Heo et al. [159] show that stacking restricted parallelizable SSM layers can represent increasingly
complex order-sensitive dynamics. A practical response is to interleave linear and softmax attention, often at a
3:1 ratio, as in Qwen3-Next and Qwen3.5/3.6 [477, 372, 373], and Kimi Linear and Kimi K3 [471, 317]. This
design has already scaled beyond earlier experiments: Kimi K3 uses a 2.8T-parameter model with 104B active
parameters and a 1M-token context [317].

* Efficient Kernels: Supporting these evolving architectures also requires continued progress in efficient
implementations. Training and prefill typically use chunkwise-parallel kernels, which pass a fixed-size state
between chunks and compute token interactions within each chunk in parallel [455, 539, 364, 538,249,477, 372].
Autoregressive decoding instead uses fused recurrent kernels to update the state for one or a few new
tokens [538, 477, 372]. Efficient chunk kernels combine algebraic reformulation with explicit GPU-kernel
blocking and operator fusion. For delta-rule recurrences, one such reformulation collects the token-by-
token state updates within a chunk and rewrites them as a lower-triangular solve followed by matrix
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multiplications. GPU-kernel implementations then divide this work into small blocks that fit in registers
and shared memory and fuse adjacent operations, reducing intermediate writes to HBM [538, 471]. For
long-context prefill, implementations gain additional parallelism by processing multiple token blocks from
each chunk concurrently [25] and overlapping within-chunk computation with state propagation between
chunks [317]. Sequence segments can also be processed independently within one GPU or across GPUs
and then combined to recover exact boundary states [317]. Kimi K3 further modifies KDA by limiting the
maximum decay at each token. This keeps temporary scale factors within the BF16 range, so all causal blocks
can use the same dense matrix-multiplication path [317].

* New State Organizations and Operators: Other exploratory directions change the organization of the
recurrent state or reuse recurrent mechanisms in other operators. Recent work retains linear recurrence while
combining it with hierarchical or routed memory structures to increase capacity [140, 85]. Related extensions
also adapt recurrent operators to multidimensional inputs [366]. A deeper understanding of the structural
connections between softmax attention and DeltaNet, as well as the mathematical properties of DeltaNet, may
also inform future operator design [447, 449, 448]. Related work also applies gating, cumulative forgetting,
and delta-style corrections to softmax attention while retaining normalized retrieval [368, 265, 577].

7 Mixture of Experts

The development of large language model architectures has been significantly enhanced by Mixture of Experts [36], a
key technique that offers a way to scale the capacity of the model without proportionally increasing computational costs.
The core concept of MoE, i.e., a modularized network guided by a learnable router, dates back to the late 1980s [144],
with subsequent work introducing hierarchical structures [200, 211]. Their application in modern language models [434]
has led to breakthroughs in both model scaling and efficiency.

The key innovation of modern MoE lies in its sparse activation pattern. Rather than processing all inputs through the
same set of parameters, MoE strategically employs a gating mechanism to route tokens to specialized expert neural
networks [434]. Both the gating mechanism and the specialized experts are trained at the same time. Hence the expert
FLOPs per token are determined by the number and width of the active experts rather than by the total number of
experts n. The decoupling is not complete, however: a dense router still scores all n experts, which is negligible for
tens or hundreds of experts but is the reason that million-expert designs resort to product-key routing (Sec. 7.1), and
parameter memory, optimizer state, expert dispatch, and inter-device communication all grow with n rather than with the
number of active experts. This selective activation enables models to grow to enormous sizes—reaching even trillions
of parameters [96]—while keeping computational requirements manageable during both training and inference.

Formally, an MoE layer [434] consists of n experts Eq, ..., E, : Rén — Rt (in Transformers, typically FFNs) and a
routing function  : R% — R”. For an input x, the output is a router-weighted sum of expert outputs:

y= Zr(x)i - Ei(x),
115'%
where only the experts in the router-selected set y are evaluated; their number k& = | x| is a hyperparameter, typically
small, whereas n can reach thousands or even millions [153].

The remainder of this section traces three overlapping developments (Sec. 7.1): the sparsely gated FFN that first made
this mapping trainable at scale, along with the load-balancing and stability techniques it required; the fine-grained
shared-expert layout that became the open-weight default; and the systems-oriented variants that reshape experts under
communication and memory constraints. Table 6 lists selected milestones along these lines.

7.1 Evolution of MoE in LLMs

The following three developments summarize the evolution of MoE in LLMs; their histories overlap rather than forming
a strictly sequential progression.

The Era of Sparse Gating. This period established the default recipe: replace selected feed-forward layers with a
pool of large experts and let a learned token-choice router activate a small top-k subset. Its design questions were, in
turn, how to define the layer and its router, how to keep the router from collapsing onto a few experts, how to fit the
resulting variable load onto fixed hardware, and where in the network to place the layers.
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Category Model Key Contribution
Sparsely-Gated Introduces the first large-scale sparse MoE layer (top-k gating) with auxiliary load
MoE [434] balancing losses.
GShard [246] Scales top-2 gated MoE Transformers to 600B parameters with a single differentiable
load-balancing loss and expert capacity limits.
Sparse Switch [96] Demonstrates efficacy of routing to a single expert; introduces selective precision.
Gating BASE [248] Formulates token routing as a linear assignment problem to maximize efficiency.
Hash [389] Eliminates learnable gating parameters by employing static hash-based routing.
Expert Choice [579] Inverts routing: experts select top-k tokens to ensure load balance.
ST-MoE [590] Analyzes training instability and introduces router Z-loss for stabilization.
SMEAR [322] Proposes soft merging of expert weights to enable efficient dense MoE training.
DS-MoE [345] Combines dense training gradients with sparse inference for robust optimization.
DeepSpeed-MoE [382]  Introduces pyramid-style architectures and non-uniform expert distribution.
Fine- DeepSeekMOoE [68] Implements fine-grained expert segmentation and shared expert isolation.
Grained Scaling Laws [62, 236]  Derives scaling laws for dense versus sparse models and for expert granularity.
+ Shared Monet [348] Scales expert counts up to 262K per layer toward near-monosemantic specialists.
MoE++ [210] Extends the expert pool with zero-computation experts such as copy or zero.
Systems- . .
Oriented ScMoE [37] Shortcut-connects routed experts so that expert communication can overlap with the

dense path.
Routes and computes in a compressed latent space to reduce all-to-all traffic and
expert weight loads.

LatentMoE [90]

Table 6: Selected milestones in Mixture of Experts research, grouped by the three overlapping developments in Sec. 7.1.

Layer and Router. Large-scale sparsely gated MoE was demonstrated with LSTM language models by Shazeer et
al. [434], and was subsequently integrated into Transformer FFNs in work such as GShard [246]. These Transformer
architectures replace the feed-forward network (FFN) in selected blocks with MoE layers. This choice comes from
several compelling observations about feed-forward blocks. First, they are the most parameter-heavy part of the
Transformer block. Furthermore, they exhibit natural sparsity in their activations [569, 260, 588]. Additionally,
the inherent independence of FFN computation makes it particularly amenable to expert-based parallelization, as
demonstrated in Switch Transformers [96]. Furthermore, scaling laws have been developed for language models with
MOoE layers: Clark et al. [62] model the loss as a function of the dense parameter count and the number of experts.
Open-weight models such as Mixtral [206] later popularized this coarse, token-choice recipe as a standard production
layout.

In standard learned routing, the routing function is a trainable module that maps each input token to a set of real-valued
scores or probabilities over the experts. Specifically, given an input x, the router computes a weight vector r(x) € R”
(often via a linear transform followed by a softmax and optional noise injection), selects the top-k entries, and dispatches
x to the corresponding experts for processing, thereby enabling conditional computation.

Load Balancing. A critical challenge in training MoE models is the so-called expert collapse, in which the routing
function converges to favor a small number of experts, causing the remaining experts to receive few or no input tokens
and effectively become inactive; the phenomenon was documented in early conditional-computation work [88] and
addressed explicitly by Shazeer et al. [434]. This collapse often arises from positive feedback loops during training:
experts that receive more tokens receive more gradient updates and improve faster, which leads the router to allocate even
more tokens to them. The resulting underutilization of diverse experts negates the benefits of conditional computation.

Two families of remedies have been proposed. The first, and most popular, adds an auxiliary loss that penalizes polarized
distributions of selected experts [434, 246]; the second changes the routing rule so that balance holds by construction.
The original load balancing mitigation [434] used two losses: Linyp, which pushed the sum of the weights of the experts
to be uniform across the batch, and Ly,, which encouraged the uniform distribution of tokens across experts. This was
simplified by GShard [246] and later popularized in Switch Transformer [96]. The simplified version uses a single
simple load balancing loss. Let X be the batch and T = | X| be the total number of tokens in a batch, then

Lan(X) = an )" Ci(X)Pi(X)
i=1
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where

e Ci(X) = % Yixex Lictop-k(r(x))} is the fraction of tokens assigned to expert i in a given batch

* Pi(X) = % >rex F(x); is the average router probability assigned to expert i over the batch. Unlike C;, it is
differentiable with respect to the router parameters, which is what allows the loss to provide a gradient signal.

With exactly k assignments per token and normalized router probabilities r(x), >; C;(X) = k and }; P;(X) = 1. C;(X)
is non-differentiable as it relies on the discrete top-k selection. Consequently, the gradient propagates only through the
term P;(X). In this optimization landscape, C; (X) effectively acts as a weighting coefficient for P;(X). Minimizing the
product ), C; P; penalizes the router for assigning high probability mass to experts that are already frequently selected
(high C;), thereby encouraging a more uniform distribution of probability mass across all experts.

o-MoE [66] shows that when the sigmoid function is used as a router gate as proposed in [248], the auxiliary
losses can be simplified by maximizing the entropy of the distribution instead. Sigmoid scores weight expert
outputs, while the regularizer first averages the softmax probabilities of the router logits across all batch tokens,
P = X' 3 ex softmax(s(x)), where s(x) € R" denotes the router logits, and then maximizes the entropy of p. It
does not maximize each token’s entropy independently. On the other hand, AdaMoE [553] proposes scheduling the
weight of load balancing loss, such that the load balancing is the strongest at the beginning of the training and diminished
at the end; they observed improved performance with such a training scheme.

ReMOoE [505] replaces the top-k softmax router with a ReLU router, so that the number of active experts per token is
determined by which router outputs are positive; sparsity is controlled by an adaptive ¢; regularizer, and weighting this
regularizer by per-expert activation rates plays the role of a load-balancing term.

The second family enforces balanced expert loads by construction rather than through a soft penalty. BASE layers [248]
treat the routing as a constrained linear assignment problem during training, so that every expert receives the same
number of tokens. Expert-Choice Routing [579] flips the problem upside down and makes the experts choose their
tokens, which balances the load per expert but lets the number of experts per token vary. A third mechanism, Loss-Free
Balancing [499], removes the auxiliary loss without imposing a hard constraint: it adds a per-expert bias to the routing
scores used for the top-k selection (not to the weights applied to expert outputs) and, after each training step, moves
the bias of every expert by a fixed amount in the direction that corrects its load on the previous batch. Balance is thus
maintained by feedback over training steps and measured empirically, rather than guaranteed within a batch as in the
assignment-based methods.

Capacity and Router Stability. Load balancing shapes the routing distribution in expectation, but for individual batches,
tokens could still cluster heavily non-uniformly. This intersects with hardware constraints in practical deployments.
Modern GPUs have finite memory and computational capacity that cannot be exceeded. Without a hard capacity limit,
individual experts could receive more tokens than they can physically process, leading to out-of-memory errors or
computational bottlenecks.

The standard way to deal with this practical issue involves defining a capacity factor [246, 96] «, which controls the

maximum number of tokens any expert can reach:

T k
n

tokens_per_expert = K
When an expert receives more assignments than its capacity, overflow assignments may bypass the expert computation
through the residual path. A simple positional admission policy drops assignments later in the flattened token order.
Batch Prioritized Routing [387] instead prioritizes tokens by router scores, while Random Token Selection [226]
randomizes their admission priority; these policies determine which assignments fit within capacity. Separately, Switch
Transformers studied No-Token-Left-Behind, which reroutes overflow tokens to alternative experts, but reported no
empirical benefit [96]. Ignoring capacity rounding, x = 1 requires perfectly uniform expert loads if all Tk assignments
are to be processed without dropping; the capacity factor itself does not enforce this balance. With « > 1, extra capacity
permits load variation at a higher memory cost.

Besides load, the router can also be numerically unstable. The router z-loss introduced in ST-MoE [590] is a way to
stabilize router training. It penalizes large logits entering the softmax operation to prevent numerical instabilities caused
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by the exponentiation mechanism:
2

L.(S)=a,- % zT: (log (Zn: esf”‘)
=1

i=1

where T is the number of tokens and n denotes the number of experts. S € R7*" collects the logits entering the router,
with s; ; denoting the logit for token 7 and expert i. Here, a; is a hyperparameter controlling the regularization strength.
The router z-loss drives the log-partition function of the router logits toward zero, which keeps the logits small in
magnitude and the exponentiation numerically well-conditioned (a concern in reduced-precision training). It does not
by itself constrain the gaps between logits: a sharply peaked routing distribution can have zero z-loss, so its benefit is
the empirically observed reduction of training instabilities rather than a guarantee against extreme gating decisions. The
authors of ST-MoE compare it against other stabilizers, including update clipping in the optimizer, and find that while
both improve training stability, clipping degrades model quality whereas the z-loss does not. The total loss is then a sum
of the prediction loss, the load balancing loss, and the z-loss.

Placement. The placement and frequency of MoE layers throughout the network architecture significantly impact both
performance and efficiency. Early large-scale MoE Transformers placed MoE layers in every second layer, a pattern
established by GShard [246] and followed by GLaM [86] and DeepSpeed-MoE [382], while ST-MoE [590] opted for a
sparser distribution with MoE layers appearing once every four layers. DeepSpeed-MoE [382] studied the non-uniform
distribution of experts and observed that it is preferable to have experts in the second half layers over the first half. The
intuition behind this is that later layers are usually more specialized than the more general layers in the first half. Most
recent open-weight MoE LLMs have since moved to denser integration, incorporating MoE layers in every Transformer
block [206, 68, 320], often with the exception of the first one or a few layers, which are kept dense for stability.

Replacement of FFNs remains dominant. However, researchers have explored applying MoE-style routing to attention
components. Mixture of Attention heads (MoA) [563] demonstrates the benefits of using MoE in the attention layer.
SwitchHead [67] improves the mechanism to reduce the number of necessary matrix computations. Mixture of Sparse
Attention (MoSA) [359] implements sparse attention as an expert choice routing mechanism for attention heads, so
that each head processes only the tokens routed to it; its effect on the KV cache is discussed in Sec. 5.1. Routing has
also been applied at the granularity of whole blocks: Mixture-of-Depths (MoD) [384] treats the entire block and the
“empty” residual connection as the two routing options, allowing the model to dynamically allocate compute across
tokens (see also Sec. 13). Widely deployed MoE LLMs such as DeepSeekMoE [68] and Mixtral [206] nevertheless
keep their attention layers dense and apply expert routing only to the FFN.

The Fine-Grained Shared-Expert Paradigm. The second development, introduced by DeepSeekMoE [68], reshapes
the expert pool itself along two axes: a few experts are made shared and always active, and the routed experts are made
fine-grained, that is, smaller and more numerous.

Shared Experts. A small number of experts are always active for every token. The intent is that they capture knowledge
common to all tokens, so that the routed experts are freed to specialize and redundancy among them is reduced;
DeepSeekMoE supports this with ablations in which isolating one shared expert improves most benchmarks at equal
parameters and compute, replacing the shared expert by one more routed expert raises the Pile loss from 1.808 to 2.414,
and disabling the top routed experts hurts DeepSeekMoE more than GShard, indicating lower redundancy among its
routed experts [68]. This shared-plus-routed layout has since been adopted by DeepSeek-V2/V3 [73, 269] and many
other open-weight MoE LLMs (see Table 14).

Fine-Grained Experts. Although the MoE layer typically contains a modest number of large feed-forward experts, of
which one or two are selected per token, fine-grained MoEs [68, 236] spread the capacity over many small experts.
Rather than allocating each token to one of a few monolithic experts, fine-grained designs subdivide the layer into a
large number of small experts and activate several of them per token, which increases the number of distinct expert
combinations available at a fixed FLOP budget; whether individual micro-experts specialize in narrowly defined
functions is an empirical question that has been studied only in specific settings [236]. Krajewski et al. [236] extend the
earlier dense-versus-sparse scaling laws to expert granularity and the training-token budget, and fine-grained expert
configurations can improve the FLOPs-to-performance trade-off in the settings studied by DeepSeekMoE and Krajewski
et al. [68, 236].

Ultra-Sparse Experts as Memory. This line of work has revealed a close connection between MoEs and Product-Key
Memory Networks (PKMs) [241, 66], where expert selection can be viewed as sparse memory addressing. PKM-style
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routing mechanisms make it possible to efficiently index and activate extremely large expert pools, as demonstrated
by PEER [153], which addresses over a million tiny experts using product-key retrieval and exhibits superior scaling
behavior compared to dense and coarse-grained MoEs. Similarly, Monet [348] scales expert counts up to 262K per
layer to induce highly specialized, near-monosemantic experts, and reports interpretability and targeted-editing results
for this expert design. This perspective also connects MoEs to memory networks: the soft addressing in end-to-end
memory networks [451] provides a general analogy, while sparse memory retrieval offers a closer counterpart to sparse
expert selection [29, 179, 180]. Task-specific variants such as MoWE [84] further demonstrate that tying microexperts
to individual vocabulary items effectively constructs large implicit memory stores that excel on knowledge-intensive
tasks. Together with recent empirical scaling-law studies [236], these results suggest that increasing expert count
while shrinking expert size is not merely an implementation detail, but a principled pathway toward more efficient,
interpretable, and scalable model architectures.

Independently Trained Experts. In certain scenarios, experts are pre-trained independently on different datasets and
combined in a later stage into a single MoE. This approach has been explored in several recent MoE models [251,452,437].
Gerstenberger et al. [118] additionally proposed to distill a large mixture of independently pre-trained models into a
single compact model, following the spirit of Irie et al. [187].

Scale-Driven and Systems-Oriented Variants. The third development relaxes two assumptions of the standard recipe
once models reach production scale: that all experts are identical, and that the expert layer is a self-contained block
whose communication and memory costs are taken as given.

Heterogeneous Experts. Although most practical implementations use identical neural network architectures for all
experts within a layer to simplify implementation and hardware utilization, recent research explores heterogeneous
experts with varying architectures or capacities. This heterogeneity can potentially capture diverse patterns in data
better than homogeneous experts. Variations include HMoE [493], which combines experts of different sizes, and
MoE++ [210], which incorporates zero-computation experts such as copying or zeroing an input. A related form of
heterogeneity operates at the block level rather than among experts: Arctic [440] combines a dense residual Transformer
with a parallel MoE branch of homogeneous experts, and other works treat skip connections as experts [384].

Communication- and Memory-Aware Designs. As MoE models have moved into production at the hundred-billion
to trillion-parameter scale, architectural choices are increasingly driven by systems bottlenecks, chiefly the all-to-all
communication of expert parallelism and the memory bandwidth consumed by loading expert weights. Shortcut-
connected MoE (ScMoE) [37] restructures the block so that, via a shortcut connection, the routed experts of a layer
process the representation of an earlier position in the block rather than the immediately preceding output. This
decouples expert communication from its conventional sequential ordering and allows it to be overlapped, up to entirely,
with the computation of the dense path. LongCat-Flash [474] adopts this shortcut-connected design at the 560B scale,
combining it with zero-computation experts so that the compute spent per token can vary with token difficulty. Along
the complementary axis of memory and communication volume, LatentMoE [90] projects each token from the hidden
dimension into a smaller latent space in which both the routing payload and the expert computation reside, reducing
expert weight loads and all-to-all traffic proportionally to the compression ratio; the savings are reinvested into a larger
total number of experts and a higher top-k, improving accuracy per FLOP and per parameter at a similar serving cost.
This latent-expert design has been adopted by the Nemotron 3 Super and Ultra models [334, 335], and a similar latent
MoE scheme is used in Kimi K3 [317] (see Table 14). Orthogonal to routing, the memory footprint of the expert weights
themselves can be reduced after training; MC-MoE [178], for instance, applies expert-aware adaptive quantization and
pruning for this purpose.

7.2 Future Directions
Despite rapid progress, several aspects of MoE design remain open:

* Routing Mechanisms: The diversity of routing mechanisms in recent MoE architectures suggests that there
is still potential in improving the routing mechanism. Current approaches span from standard token-based
routing [434] to expert choice routing [579], linear programming formulations [248], hashing [389], or uniform
sampling [593]. Each method brings its own balance of computational speed, routing quality, and training
stability, but the continuous emergence of new methods suggests there is still room for improvement. Future
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work could explore the combination of the strengths of existing approaches or the development of entirely new
routing paradigms.

* Expert Placement across Layers: The optimal distribution of experts across different layers of deep neural
networks remains an open question that warrants further investigation. Although current architectures often
employ a uniform distribution of experts across layers as in [246], some work has been done in this direction.
As discussed in Sec. 7.1, the PR-MoE design of DeepSpeed-MoE [382] puts more experts in the later layers.
Brainformers [580] derive a stackable block found with evolutionary search that opposes the standard uniform
distribution of experts. However, there is still limited understanding of how expert placement affects model
performance and computational efficiency.

* Heterogeneous Experts: Heterogeneous experts, i.e., experts with different architectures, capacities, or
specialized structural biases (see the early examples in Sec. 7.1), remain underexplored. While heterogeneous
experts offer promising directions for specialization, they introduce significant systems-level challenges.
Current efficient training and inference systems heavily rely on the homogeneity of experts for parallelization.
Developing hardware-aware routing mechanisms and general systems that can efficiently train and serve
heterogeneous experts remains an open problem.

8 Activation Functions

Activation functions are a cornerstone of neural network design, serving as the primary source of non-linearity that
enables models to learn complex patterns beyond simple linear relationships [142]. In the context of LLMs, which
are predominantly based on the Transformer architecture, the choice of activation function within the position-wise
Feed-Forward Network (FFN) sub-layers has a profound impact on training dynamics, model performance, and
computational efficiency [433]. While the multi-head attention mechanism is often credited with the Transformer’s
success in capturing long-range dependencies, the FFN layers are increasingly understood to be the primary repositories
of the model’s parametric knowledge [119]. Consequently, the activation function is not a mere implementation detail
but a critical component that governs how this vast store of knowledge is accessed, processed, and transformed at each
layer of the network.

8.1 Evolution of Activation Functions in LLMs

The following four developments summarize the evolution of activation functions in LLMs; their histories overlap rather
than forming a strictly sequential progression. Table 7 compares the formulations and properties of the most common
choices.

The Era of Rectification. This period was dominated by the Rectified Linear Unit (ReLU) [105, 106] and its direct
descendants. ReLU is computationally simple and was used in the original Transformer proposed by Vaswani et
al. [489]. Its shortcomings, however, notably the “dying ReLU” problem, spurred the development of numerous variants
designed to introduce non-zero gradients for negative inputs. Besides ReLU, a family of variants was proposed, each
aiming to introduce a small, non-zero gradient for negative inputs to keep neurons alive and learning. Leaky ReLU
(LReLU) [284] was one of the earliest and simplest modifications, defined as f(x) = max(ax,x), where « is a small,
fixed hyperparameter, such as 0.01. For positive inputs, it behaves identically to ReLLU, but for negative inputs, it has
a small, non-zero slope of a. This “leak” ensures that neurons can recover even if their inputs become negative, as
they will still receive a gradient signal. Parametric ReLU (PReLU) [151] extends the idea of Leaky ReLLU by making
the slope a a learnable parameter rather than a fixed hyperparameter. This allows the network to adaptively learn the
optimal leakage slope for each neuron or channel during training, providing greater flexibility. Exponential Linear Unit
(ELU) [64] offers a more sophisticated solution, defined as f(x) = x if x > 0 and f(x) = a(e* — 1) if x < 0. Like
LReLU and PReLU, ELU provides a non-zero gradient for negative inputs. However, it has the additional advantage that
for negative inputs, the function saturates to a negative value, which can help push the mean of the neuron activations
closer to zero. This zero-centering property can accelerate learning by addressing the biased gradient issue of standard
ReLU.

Scaled Exponential Linear Unit (SELU) [231] has self-normalizing properties, pulling neuron activations toward a fixed
point with zero mean and unit variance. This can theoretically eliminate the need for external normalization while
ensuring stable gradient flow in the training of deep networks. However, the mathematical foundations of SELU rely on

45



Towards Next-Generation Architectures of Large Language Models: A Survey PREPRINT

specific weight initializations and feed-forward architectures, which may be incompatible with the dot-product attention
mechanisms used in modern LLMs.

The Transition to Smooth, Probabilistic Activations. Following the era of rectification, the research community
began to explore activation functions that moved beyond the piecewise-linear and non-smooth nature of ReLU and its
variants. This led to the development of a new class of smooth, continuously differentiable functions, most notably the
Gaussian Error Linear Unit (GELU) [156], Sigmoid Linear Unit (SiLU), introduced in the GELU paper and independently
studied for reinforcement learning [156, 92], and Swish [383]. GELU quickly gained prominence due to its strong
empirical performance and elegant theoretical motivation. It is mathematically formulated as: GELU(x) = x®(x),
where @ (x) is the cumulative distribution function (CDF) of the standard normal distribution. The core theoretical
insight behind GELU is its connection to stochastic regularizers like Dropout [146, 160, 442, 103, 102]. The authors
framed GELU as a way to bridge the gap between deterministic non-linearities (like ReLU) and stochastic regularization
techniques. GELU can be interpreted as the expected value of a stochastic gating transformation that either keeps the
input (the identity map) or sets it to zero. Specifically, the input is kept with probability ®(x) and dropped otherwise,
where @ denotes the standard normal CDF. Around the same time as GELU’s rise, Ramachandran et al. proposed another
activation function named Swish [383]. Swish is defined by the remarkably simple formula: Swish(x) = xo (Bx), where
o (-) is the standard sigmoid function and 8 may be fixed or learned. At 8 = 1, Swish is identical to SiLLU [156, 92, 383].
The design of Swish [383] was inspired by the gating mechanisms used in recurrent architectures [117], where a sigmoid
function acts as a gate to control information flow.

The Modern Paradigm of Gated Linear Units. The evolution from smooth, self-gated functions like GELU [156],
SiLU [92] and Swish [383] to the explicit gating mechanisms of the Gated Linear Unit (GLU) [117, 71] family represents
the most significant architectural shift in the FFEN block since the modern quadratic Transformer. GLU adapted the
multiplicative gating mechanism from LSTMs [117] for use in feed-forward networks. This paradigm, which introduces
two parallel computational paths for content and gating, allows for a more powerful and dynamic form of information
control. The seminal work [433] systematically demonstrated that integrating GLU variants into the Transformer FFN
yields substantial performance improvements. This research was not merely about swapping one activation function
for another; it introduced a third weight matrix, with a narrower intermediate dimension used to match the parameter
and computation budgets of a two-matrix FFN. The robust empirical success of one particular variant, SwiGLU [433],
has led to a remarkable convergence in the field, with multiple, independent, state-of-the-art LLMs from leading
research labs adopting it as their standard [30, 295, 20]. This widespread consensus underscores the profound impact of
GLU-based activations and solidifies their position as the current state of the art.

Scale-Driven Revivals and Stability-Oriented Variants. Despite the dominance of SwiGLU, the demands of
large-scale training have recently motivated two pragmatic departures from this consensus. The first is the revival of
Squared ReLU (SqReLU), defined as f(x) = max(0, x)2, which was selected through evolutionary architecture search
in Primer [441]. SqReLU retains the sparsity-inducing rectification of ReLU while its quadratic positive branch provides
a stronger, higher-order non-linearity; moreover, unlike GLU variants, it requires only two rather than three FFN weight
matrices, freeing the parameter budget for a wider intermediate dimension. These properties have led to its adoption in
the hybrid Mamba-Transformer Nemotron-H and Nemotron 3 families [331, 330]. The second departure addresses
numerical robustness rather than expressiveness: since the linear branches of SwiGLU are unbounded, rare but extreme
activation values can exceed the limited dynamic range of the low-precision formats used in modern training and
inference. Clamped SwiGLU limits these pre-activations asymmetrically. In the GPT-OSS reference implementation
and MiniMax-M3 configuration [339, 337, 305], the gate branch is capped above at 7, while the value (up) branch
is clipped to [-7,7]. With g = min(g,7) and & = clip(u, —7,7), the intermediate output is g 0(1.702g) © (it + 1),
followed by the output projection. Frontier models also continue to introduce new gated units of their own, such as the
SiTU-GLU channel-mixing layer of Kimi K3 [317] (see Table 14). Both trends illustrate that at the current scale of
LLMs, the choice of activation function is increasingly co-determined by systems considerations, such as parameter
allocation and numerical precision, rather than by task accuracy alone.

8.2 Future Directions

The widespread adoption of SwiGLU [433] reflects strong empirical results for this gated FFN design. However, the
emergence of scale-dependent challenges and the renewed interest in the efficiency of sparse activations suggest that the
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Function / gated layer =~ Formulation Properties Key Advantage

ReLU [105] max (0, x) Non-smooth, Monotonic Computationally cheap, induces sparsity

GELU [156] x®(x) Smooth, Non-monotonic Smooth ReLU surrogate, probabilistic motivation
SiLU [156, 92] xo(x) Smooth, Non-monotonic Empirically strong performance, self-gating
Swish [383] xo(Bx) Smooth, Non-monotonic Empirically strong performance, self-gating
Squared ReLU [441] max (0, x)? C', Monotonic Sparse like ReLU, higher-order non-linearity
GEGLU [433] (xV) © GELU(xW)  Smooth, Non-monotonic Strong empirical performance, dynamic gating
SwiGLU [433] (xV) o SiLU(xW) Smooth, Non-monotonic SOTA performance, widely adopted

Continuous, bounded,

Clamped SwiGLU [339] (& + 1) © g 0 (1.702 &) piecewise smooth

Robust in low-precision formats

Table 7: Comparison of scalar activation functions and GLU-family gated layers. Scalar nonlinearities and the Hadamard
product act element-wise; the GLU rows also include learned matrix projections. The final FFN output projection is
omitted from these rows. Here o (-) is the sigmoid function and ®(-) is the cumulative distribution function of the
standard normal distribution. For GLU-family layers, W and V denote the weight matrices of the gate and value linear
projections, respectively, and the bias terms of these projections are optional. For Clamped SwiGLU, g = min(xW, 7)
and @ = clip(xV, —7,7) are the clamped gate and value branches; the clamps introduce derivative discontinuities at the
clipping thresholds, so the layer is continuous but not smooth, and “bounded” refers to its output before the omitted
output projection.

search is far from over. The future of non-linearity in LLMs is unlikely to be a “one-size-fits-all” solution. Instead, we
are likely moving towards a more heterogeneous and adaptive landscape. Future research may focus on:

 Task- and Layer-Specific Activations: Models may employ different activation functions in different layers or
for different tasks, potentially learned automatically through methods like evolutionary search.

¢ Hardware-Aware Design: The choice of activation function will be increasingly co-designed with hardware
accelerators and numerical formats in mind, balancing peak theoretical performance with practical deployment
constraints.

* Principled Discovery: As our theoretical understanding of deep learning matures, new activation functions
may be derived from first principles, such as information theory or dynamical systems, moving beyond purely
empirical or heuristic-driven design.

» Application in Other Modules: This RNN-era gating idea [167, 166] has not only flourished in Transformer
FFNs as gated activations, but could also be applied to other parts of the architecture. For example, Self-Adjust
Softmax [576] uses gating to modulate the Softmax output so that strict normalization is not required,
increasing expressiveness, while Gated Attention [368] applies gating to the attention mechanism to improve
the distribution of attention outputs. These works illustrate attempts to extend gated-activation ideas beyond
FENs to other modules (see also the discussion of Gated Attention in Sec. 9.1).

9 Normalization and Residual Connections

In addition to fundamental components such as attention mechanisms and feed-forward networks within the Transformer
architecture, two critical elements that significantly enhance the performance and training stability of Transformers
are normalization and residual connections. Normalization techniques, such as layer normalization [13], rescale
the activations entering or leaving each sub-layer, which improves the conditioning of optimization. Residual
connections [444, 152], whose additive identity path was anticipated across time by the constant error carousel of
LSTM [167], facilitate the gradient flow through the network, effectively mitigating challenges such as vanishing
gradients in training very deep neural networks [443, 152]. In particular, gated skip connections across depth were
introduced by Highway Networks [444]; the ungated special case popularized by ResNets [152] is what is now
incorporated into every sub-layer of modern Transformer architectures.
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9.1 Normalization Methods

BatchNorm is an influential normalization method [183], which, although effective in certain contexts, posed challenges
for sequential data due to its dependence on batch statistics. This limitation spurred the development of alternative
methods that were better suited for language tasks. LayerNorm [13] addresses the limitations of BatchNorm by
normalizing across features within a single data sample. For a Transformer, it computes statistics across the features of
each token. Before the learned affine transformation, the normalized features have zero mean and variance close to
one, with the exact variance affected by the numerical stabilizer e. RMSNorm [555] simplifies LayerNorm by omitting
the mean subtraction step. It normalizes activations by their root mean square (RMS) value, reducing computational
overhead while maintaining performance. RMSNorm has been particularly effective in training deep Transformer
models, offering a balance between simplicity and efficacy. Non-Parametric LayerNorm, studied by Xu et al. [526]
under the name LayerNorm-simple and adopted by the first OLMo models [132], modifies the standard LayerNorm
by removing the learnable gain and bias, focusing solely on normalizing the activations without scaling or shifting.
Xu et al. found that the learnable parameters contribute little to LayerNorm’s benefit and can increase overfitting, so
this simplification reduces parameters and computation at little cost, although it removes the model’s ability to rescale
normalized features per dimension. As shown in Table 8, these methods have been widely applied to popular LLMs.

Apart from the above techniques that are used in recent LLMs, there are alternative approaches aimed at optimizing
language modeling performance. CRMSNorm [207] introduces a compression mechanism that enhances efficiency
while retaining the advantages of RMSNorm, thereby reducing the computational burden and making it particularly
suitable for large-scale language models. WeightNorm [395] reparameterizes weight vectors to decouple their magnitude
from their direction. This technique accelerates convergence by controlling the norm of the weights, resulting in a more
stable and efficient training process. ScaleNorm [328] normalizes activation vectors by their ¢, norm and then scales
them by a learned parameter. SphereNorm [273] is a batch-agnostic normalization method that constrains features to a
unit hypersphere via angular projection. Its normalization does not depend on batch statistics, avoiding this source of
sensitivity to batch size. This geometric approach inherently bounds outputs and effectively mitigates covariate shift
in deep networks. These aforementioned methods offer additional perspectives on achieving training stability while
simultaneously enhancing performance.

Beyond normalizing the inputs or outputs of entire sublayers, normalization can also be applied inside the attention
module to directly control the scale of attention logits. QK-Norm [158] normalizes the query and key vectors immediately
before their dot product, so that each logit becomes a cosine similarity multiplied by a learnable scale; this removes
the uncontrolled growth of logits with the query and key norms and makes the softmax less prone to saturating
into low-entropy, near one-hot distributions, without ruling them out, since the learnable scale (or the gain of a
LayerNorm/RMSNorm variant) can still make the bounded logits large. Originally proposed with ¢, normalization
and a learnable temperature to stabilize low-resource machine translation [158], the technique was revived at scale
when applying LayerNorm to queries and keys was found to eliminate the uncontrolled growth of attention logits that
destabilized the training of ViT-22B [78], an instability later reproduced and analyzed systematically in small-scale proxy
studies [511]. In modern LLMs, the variant that applies RMSNorm to queries and keys per head has become a common
stability component, adopted by OLMo 2 [336], Qwen3 [371], Gemma 3 [126], and GLM-4.5 [479], among others; an
asymmetric variant that normalizes only the keys (K-Norm) has also been explored [181]. Since the normalization
discards the norms of individual queries and keys (a loss of information that the original paper argues does not sacrifice
expressivity), the practical trade-off is a constraint on the attention logits in exchange for a substantially enlarged stable
region of training hyperparameters. A related stabilizer acts on the attention output rather than on its logits: Gated
Attention [368] applies a query-dependent, head-specific sigmoid gate to the output of scaled dot-product attention. The
gate inserts a non-linearity between two otherwise consecutive linear maps and yields input-dependent sparsity, which
the authors show removes attention sinks and improves training stability; it has been adopted by Qwen3-Next [477] (see
Table 14).

9.2 Combinations of Normalizations and Residual Connections

The integration of normalization techniques and residual connections is pivotal in the architecture of LLMs. The specific
arrangement of these components significantly influences the training dynamics and overall model performance [523].
A critical aspect to consider is the “seesaw effect” between gradient vanishing and representation collapse. This
effect highlights the delicate balance required: while certain configurations may mitigate gradient vanishing, they can
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Method Formula Related Models

1 yd 2
LayerNorm [13] y-(x- ;1)/\/3 i i—u) +e+p GPT-3 [34], BLOOM [510]
Non-Parametric LayerNorm [132] (x — ,u)/\/é Z;il (x; =) +e OLMo [132]
RMSNorm [555] v-x/ % Zf—lzl xf +e[+B] LLaMA [486], Gemma [467], Qwen [20]
QK-Norm [158] softmax (g - Norm(g) Norm(k)T) OLMo 2 [336], Qwen3 [371], Gemma 3 [126]
CRMSNorm [207] x/\/( »a! x?+ (X xi)?)/d + € -
WeightNorm [395] g - w/|lw||, w represents the weight vector -
ScaleNorm [328] g - x/||x||, x represents the input vector -
SphereNorm [273] g CewT)/(llx]l - lIwlD) -

Table 8: Different normalization methods. x denotes the input vector, d its dimension (the hidden width), and u the mean
of x. The parameters y and B are learnable vectors and g is a learnable scalar, while € is a small constant for numerical
stability. For QK-Norm, ¢ and k denote a query and a key vector, Norm(-) is an £, Layer, or RMS normalization
applied per head, and g plays the role of a learnable temperature. CRMSNorm operates on the (d — 1)-dimensional
compressed representation of a zero-mean d-dimensional vector, which is why its sums run to d — 1 while the average is
taken over d. In the context of WeightNorm, w denotes the weight vector. In the context of SphereNorm, w and x
denote the weight and input vector, respectively.

inadvertently lead to representation collapse, and vice versa [583, 584, 503]. Achieving an optimal configuration is
essential for effective and efficient model training.

The original Transformer architecture [489] utilized the Post-LayerNorm (Post-LN) strategy, where layer normalization
is applied subsequent to the residual connections. Although this approach proved effective in certain scenarios, it
becomes unstable as depth grows: Xiong et al. [523] showed that at initialization the gradients of the parameters near the
output are large under Post-LN, which is why a learning-rate warm-up stage is required, and Wang et al. [496] attribute
the instability of deep Post-LN models to exploding model updates. The Pre-LayerNorm (Pre-LN) configuration, which
applies layer normalization to the input of each sub-layer so that the residual stream itself is never normalized, had
already been adopted in practice by GPT-2 [379], the Sparse Transformer [56], and deep NMT models [500] when
Xiong et al. [523] provided a theoretical analysis of it, showing that Pre-LN keeps the gradient scale well behaved at
initialization and can therefore be trained without warm-up and with larger learning rates.

DeepNorm [496], a stabilized variant of Post-LN, was subsequently proposed to enable the training of extremely deep
Transformers. It achieves this by a simple yet effective architectural modification: scaling the residual connection by a
factor @ > 1 and down-scaling the initial weights by 8 < 1. Under its analysis (SGD updates with the proposed « and §3),
this bounds the magnitude of the model update, ||F (x;6%) — F(x;8)||, by a constant; it is the change of the network’s
output, not the parameter update itself, that is controlled. DeepNorm thereby combines the strong performance of
Post-LN with the training stability of Pre-LN.

To further augment training stability, the Sandwich-LN [81] technique was introduced, which incorporates an additional
layer normalization operation at the end of each residual branch, effectively “sandwiching” the sub-layer between two
normalization operations. CogView reports that the additional normalization helps stabilize large-scale training [81].
Another notable modification is the “norm-after” (residual post-norm) strategy adopted by the OLMo-2 model [336],
following earlier use in Swin Transformer V2 [276] and Chameleon [42]. It normalizes the output of each attention and
feed-forward sub-layer before it is added to the residual stream, i.e., x + Norm(f(x)); unlike Post-LN, the residual
stream itself is never normalized, and unlike Pre-LN, the contribution of each sub-layer is bounded. Experimental
results in OLMo-2 suggest that this arrangement reduces gradient-norm spikes, thereby enhancing training stability.
Figure 12 presents a diagram illustrating these methods.
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Figure 12: Different intra-block combinations of normalization and residual connection. The gray band is the residual
stream carrying x; to x4, black dots mark where the stream is read by a sub-layer, and white boxes are the residual
additions. (a) Post-LN normalizes the residual stream after each addition; (b) Pre-LN normalizes only the input of each
sub-layer; (c) Sandwich-LN normalizes both the input and the output of each sub-layer; (d) norm-after normalizes the
output of each sub-layer before it is added to the stream.

To further enhance the equilibrium between gradient flow and representation integrity, recent studies have introduced
normalization and residual propagation strategies for Transformer architectures. The Mix-LN method [252] combines
the strengths of Pre-LN and Post-LN by applying Post-LN in the earlier layers and transitioning to Pre-LN in the deeper
layers. This configuration is reported to yield more uniform gradient norms across the network, thereby improving
training stability and overall performance. Similarly, HybridNorm [589] integrates the advantages of both normalization
approaches from an intra-layer perspective by employing Query-Key-Value (QKV) normalization within the attention
mechanism and Post-LN in the feed-forward network of each Transformer block. This design not only stabilizes
training but also enhances performance, particularly in the context of LLMs. Additionally, Hyper-Connections [583]
offer an alternative to traditional residual connections, enabling the network to dynamically adjust the strength of
connections between features at varying depths. This flexibility effectively addresses the limitations associated with
fixed residual connections, thereby mitigating the seesaw effect and achieving a more balanced gradient flow while
preserving representation richness. Based on Hyper-Connections [583], DeepSeek proposes Manifold-Constrained
Hyper-Connections (mHC) [522], which stabilizes training of large-scale networks by constraining the learned mixing
matrices of the residual streams to be doubly stochastic (i.e., to lie in the Birkhoff polytope), enforced via Sinkhorn
normalization. An exactly doubly stochastic residual-mixing matrix A is a convex combination of permutation matrices
and is non-expansive in the Euclidean norm: ||A||; < 1. This bounds amplification by residual mixing, but does not imply
norm preservation or an identity map, and does not bound the Jacobian of the entire nonlinear layer. Finite Sinkhorn
iterations approximate the doubly stochastic constraint. In the reported experiments, mHC [522] reduces training
instabilities relative to unconstrained Hyper-Connections [583]; it has been adopted in models such as DeepSeek-V4 [76],
and Hy4 [483] likewise uses a multi-stream hyper-connection variant (iHC, with four residual streams; see Table 14).
Attention Residuals (AttnRes) [472] generalize the residual connection in a different direction. The standard Pre-LN
residual stream accumulates all preceding layer outputs with fixed unit weights, which causes uncontrolled hidden-state
growth with depth and progressively dilutes the contribution of each individual layer. AttnRes replaces this fixed
accumulation with softmax attention over the outputs of preceding layers, allowing each layer to selectively aggregate
earlier representations with learned, input-dependent weights. To keep the memory and communication overhead
tractable at scale, the block-wise variant Block AttnRes partitions layers into blocks and attends over block-level
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representations, making the scheme a practical drop-in replacement for standard residual connections. Integrated into
the Kimi Linear architecture [471], AttnRes yields more uniform output magnitudes and gradient distributions across
depth, and it has since been adopted at scale by Kimi K3 [317].

9.3 Future Directions

The evolution from Post-LN [489] to Pre-LN [379, 523], and further to advanced configurations such as Mix-LN [252],
Sandwich-LN [81], and Hyper-Connections [583], demonstrates the continuous efforts to address the inherent challenges
of gradient vanishing and representation collapse. Each design innovation aims to strike a balance between maintaining
stable gradient flow and preserving expressive representation capabilities, thus optimizing model performance across
different scales and depths.

While recent approaches have made significant progress, there remain challenges and opportunities for further exploration:

* Dynamic and Adaptive Normalization: Future architectures could benefit from adaptive normalization
mechanisms that adjust dynamically to the training stage or model depth. For instance, utilizing Mix-LN [252]
principles with layer-wise learned hyperparameters might improve gradient stability and feature diversity.

* Theoretical Insights into the Seesaw Effect: Further theoretical studies are needed to model and quantify the
seesaw effect more rigorously, providing insights into how normalization and residual connections interact at
scale [583]. This could inform principled designs rather than relying solely on empirical tuning.

* Beyond Layer Normalization: Alternative normalization methods such as GroupNorm [514] and
ScaleNorm [328], as well as normalization-free designs, could be revisited in the context of modern
LLMs. Dynamic Tanh (DyT) [585] replaces every normalization layer by an element-wise tanh(ax) with a
learnable scale @, removing normalization as an operation. nGPT [281] takes the opposite route: it removes
LayerNorm/RMSNorm but re-normalizes the hidden state to unit norm after every attention and MLP update
and normalizes the embedding dimension of all weight matrices, so normalization is not eliminated but turned
into parameter-free norm constraints applied throughout the residual stream. Whether either design retains its
benefits at LLM scale remains an open question.

10 Positional Encoding

As introduced in Sec. 4.3, the Positional Encoding (PE) module supplements token representations with explicit position
information, which the permutation-equivariant attention operation cannot otherwise access (causal masking breaks
this symmetry and lets decoder-only models recover some positional information implicitly, as discussed in Sec. 10.4,
but explicit PE remains the norm). Beyond this foundational role, the design of PE strongly influences several key
dimensions of model capability, including length generalization (the capacity to process sequences longer than those
observed during training), expressiveness (how position interacts with content, e.g., content—position disentanglement
and content-adaptive positions), and architectural compatibility (integration with diverse Transformer variants and data
modalities). These broader considerations have motivated a steady evolution of positional encoding strategies—from
early absolute formulations to more advanced relative and hybrid approaches.

In this section, we trace this progression, beginning with Absolute Positional Encoding (APE) and advancing through
Relative Positional Encoding (RPE) and subsequent innovations, highlighting how each paradigm addresses distinct
facets of the positional encoding challenge.

10.1 Absolute Positional Encoding

The first solutions to the position problem involved Absolute Positional Encoding (APE), where each position in the
sequence is mapped to a unique representation. This can be achieved through either a fixed, deterministic function or
through learnable parameters. Table 9 summarizes the formulations of representative APE methods.

Sinusoidal APE. As introduced in Sec. 4.3, Vaswani et al. [489] introduced a fixed PE method that uses sine and
cosine functions of varying frequencies to generate a unique positional vector for each position. By assigning different
frequencies to each dimension of the embedding vector, this method produces a unique d-dimensional vector for each
absolute position in the sequence.

51



Towards Next-Generation Architectures of Large Language Models: A Survey PREPRINT

Method PE Formulation Learnable Integration
Learned [110, 378] €0 = Wp[i], the i-th row of a learnable matrix Wy v Add
Sinusoidal [489] ef.’;sj = sin(m) , ei.)f);jﬂ = cos(m) Add
SHAPE [230] eff';j = Sin(l()()i)-:%) , eﬁ’f’;jﬂ = COS(W), k ~U{0,...,K} per sequence Add
FLOATER [275] €l}) =™ + fi”‘ h(t, € (1); 0) dt v Add

Table 9: Comparison between different APEs, in the notation of Sec. 4.3: e?os € R? is the positional embedding of
position i, d is the embedding dimension, and j indexes its dimension pairs (2j,2j + 1). k is the random offset that
SHAPE [230] samples per training sequence, with the maximum shift K as its hyper-parameter, and A(-; 6;,) is the
learnable vector field of FLOATER [275], whose encodings are samples e?os = eP% (i) of the continuous trajectory
deP* (1) /dt = h(t,eP*(1);6y,); the increment between consecutive positions is the integral of / over the unit interval,
not & evaluated at the start point.

This approach is deterministic and introduces no learned positional parameters. Its sinusoidal values remain bounded,
and for any fixed offset k, the encoding at position i + k is a linear transformation of the encoding at position i. The
original Transformer paper [489] argued that this structure could facilitate learning relative-position relationships and
extrapolation to longer sequences. The encoding can be evaluated beyond the training range, but this mathematical
property alone does not guarantee that a trained model will maintain its quality at those lengths.

Learned APE. An alternative to the fixed sinusoidal function is to treat the positional embeddings as learnable
parameters, analogous to how semantic word embeddings are learned. In this scheme, a lookup table or embedding
matrix is created. Each row of this matrix corresponds to a positional vector that is initialized randomly and then
updated via backpropagation during the model’s training process. This approach has been adopted by several prominent
models, including BERT [80], GPT-2 [379], and GPT-3 [34].

The primary advantage of learnable APE is that the positional vectors can adapt to patterns in the training data. A finite
learned lookup table, however, defines embeddings only up to its configured maximum position. Without an extension
mechanism, it cannot provide vectors beyond that range; extending the table or interpolating its entries requires an
additional design choice and does not by itself guarantee extrapolation quality.

Other APE Variants. To overcome the generalization issues of both fixed and learnable APEs, a family of methods
has emerged that augments the encoding process during training. These techniques typically build upon the sinusoidal
formulation but introduce forms of randomization to prevent the model from overfitting to absolute positional cues.
SHAPE [230] introduces a simple yet effective augmentation. During each training step, all position indices within
a sequence are shifted by a single, randomly sampled offset k. This prevents the model from memorizing that a
specific feature always occurs at a fixed position (e.g., position 5) and instead encourages it to learn patterns based
on relative distances between tokens, which remain invariant under the global shift. CAPE [264] applies a richer set
of augmentations to continuous position values. In addition to a global shift similar to SHAPE, CAPE introduces a
local shift, where each position is perturbed by a different random value, and global scaling, where all positions are
multiplied by a random scalar. These combined augmentations further discourage the model from memorizing absolute
positions or specific relative distances, promoting better generalization.

Another line of research reconceptualizes position not as a discrete index but as a continuous variable, aiming to generate
positional representations that vary more smoothly. Complex-Valued Embeddings [495] extend the embedding space
into the complex plane, modeling the embedding of a word as a continuous function of its position. Each coordinate
of a word embedding is parameterized as g(pos) = re'(« Pos+9) with word-specific amplitude r, frequency w, and
initial phase 6, so that the amplitude can encode semantic information while the phase component, which rotates with
position pos, encodes positional information. This provides a principled mathematical framework for ensuring that word
representations evolve smoothly as their position changes. FLOATER [275] models the sequence of positional encodings
as the output of a continuous dynamical system, leveraging the framework of Neural Ordinary Differential Equations
(ODE:s). Instead of learning a static embedding for each position, FLOATER learns the dynamics of change—a “latent
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Content—position
Method logits; ; interaction Learnable Remark

r;j: sinusoidal relative-position vector;
Transformer-XL [69] qik;!' +qi(riojWi )T + uk;.r +v(rimjWi, )T v v Wi, learnable positional projection;
u, v: learnable global bias vectors

TS5 Bias [381] q,'k,T +b;_j v b;_j is a learnable scalar
ALIBi [361] qik}— —rli—j| r is a hyperparameter
KERPLE [54] q,-ij —rylog(l+rli — j|) v r1, 2 > 0 are learnable per-head kernel parameters
d .
. i—j
Sandwich [55 kT +r )y cos|—— r, d’ are hyperparameters
[55] qik] ; (moook/d) yperp
FIRE [254] qikT + £, _vi-p s YO =loglex+1);
J Y (max{L,i}) [y is a learnable function
pij = Zi:j 8iks
CoPE [124] qik] +qie[pi;]T v v gik = o (qik]);
e is a learnable embedding
T bias(i, j): additive positional encoding;
DAPE [575 kT + K™, b s v v
(5751 9i%; In (Q fas(i ])) Q, K: query and key matrices
ri = x; W,: input-conditioned feature;
Inkling [484] qikT+1[0<i—-j <L ]rP. i ; v o o bankof dy learnable
J : bias-vs-distance profiles;
no positional term beyond L,
(¢iRT)(k;RT)T = gq;R;_;kT R;: position-dependent rotation matrix;
1
RoPE [450] dj2 ’ ! v qi.c,k;j : c-th 2D components;
= Z Tg; Tk o COS ((] —0)0. + ¢kj o~ Pq; C) 7., ¢, content magnitude and phase;
= T " ’ 6. positional frequency
u Gicts Ejyc, : complex compf)nems;
PoPE [127] Z Far ri. €08 ((j = i)0ur + Sor) v v Til come'n.t—dependent magnitude;
P Lot Bj.e’ 6.+ positional frequency;

. learnable phase shift

Table 10: Comparison of typical Relative Positional Encodings (RPEs). Content—position interaction indicates
that the position-dependent contribution to the attention score depends on the input content, rather than being a
content-independent additive bias. This includes fixed rotations applied to content vectors and does not imply learned or
adaptive position indices. Learnable refers to parameters specific to the positional mechanism, excluding the standard
query/key projections. Unless otherwise specified, bold lowercase vectors are represented as row vectors; in particular,
qi.kj e R!*4 denote the query and key at positions i and j. The function fn denotes a parameterized function. For
Transformer-XL, r;_; denotes a sinusoidal relative-position vector, whereas for RoPE, R; denotes the rotation matrix
associated with position i. For Inkling, r; = x; W, is a per-head relative feature produced by a fourth projection of the
hidden state alongside the query, key, and value; it mixes a bank P of d, learnable bias-vs-distance profiles (shared
across heads and tokens) into one bias value per backward distance, and no positional term is applied beyond the
maximal encoded distance L, (512 for sliding-window layers and 1,024 for global layers). For RoPE, ¢, . and k .
denote the c-th two-dimensional components, with r, and ¢. denoting their magnitudes and phases. For PoPE, §; .-
and k . denote the complex-valued components. The symbols 6. and 6. denote positional frequencies, and 6. is a
learnable phase shift.

force” represented by a neural network—that governs the evolution of the position vector along the sequence. This is
formulated as an integral equation: p(t) = p(s) + ﬂ ! h(t, p(1))dt. The learned dynamics provide a way to generate
positional vectors beyond a finite lookup table; the ability to evaluate this encoding at arbitrary positions does not
guarantee model quality at arbitrary sequence lengths.
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10.2 Relative Positional Encoding

Relative Positional Encoding (RPE) models positional relationships between tokens in terms of their relative displacement
rather than their absolute coordinates. The idea of encoding relative rather than absolute time has early roots in neural
models for representing compressed event streams, where a higher-level network received the time elapsed since
the last unpredictable event as input [409]. For self-attention, relative position representations were introduced by
Shaw et al. [431], who add learned embeddings of the clipped relative distance i — j to the keys and values inside
the attention computation. Subsequent designs include additive relative biases, position-dependent rotations, and
content-conditioned positional mechanisms. In modern Transformers, RPE is typically incorporated directly into the
self-attention computation, allowing the interaction between a query at position 7 and a key at position j to depend
explicitly on their relative position.

Compared with APE, which associates positional information with individual token representations, RPE treats position
primarily as a property of token interactions. Different methods realize this principle in different ways, ranging from
additive modifications of attention logits to transformations of query and key representations. Table 10 summarizes
representative RPE methods, their attention formulations, adaptivity, and learnable components. We next discuss these
approaches according to how positional information is incorporated into the attention mechanism.

Additive RPE. One major family of RPE methods incorporates positional information by adding position-dependent
terms to the attention logits. An early representative is Transformer-XL [69], which reformulates the relative position
representations of Shaw et al. [431] so that they can be reused across segments in its segment-level recurrence mechanism.
Its relative attention score is written as

logits; ; = qik} +qi(ri-jWi,)" +uk] +v(ri ;Wi,)"

where r;_; is a fixed sinusoidal encoding of the relative displacement, Wy, is a learnable projection matrix for
the relative positional representation, and u and v are learnable global content and positional bias vectors. This
decomposition separates content-based and position-dependent interactions and became an influential formulation for
incorporating relative position directly into attention logits.

Subsequent methods simplify this idea by expressing positional effects as an additive bias,
logits; ; = qikj +b(i, J),

with different choices of b(i, j) corresponding to different positional inductive biases and degrees of adaptivity.
TS5 [381], for example, uses a learned scalar bias b;_, typically shared over buckets of relative distances. ALiBi [361]
removes learned positional parameters altogether and imposes a fixed linear penalty that increases with token distance.
KERPLE [54] and Sandwich [55] generalize this distance-based view through more flexible kernel-inspired bias
functions.

More recent methods further increase the flexibility of the positional bias. FIRE [254] parameterizes the bias with a
small learnable function f;, of normalized relative distance, allowing the bias profile to adapt rather than being fixed or
discretized. DAPE [575] extends this direction by conditioning the positional bias not only on relative position but
also on the current query—key interactions, thereby introducing content-adaptive positional modulation. CoPE [124]
similarly moves beyond purely distance-based positioning by deriving contextual positions from attention interactions
themselves. Inkling [484] instantiates this content-adaptive additive design at scale: each token emits an extra relative
feature r; = x; W, alongside its query, key, and value, which mixes a shared bank of learnable bias-vs-distance profiles
P into a per-pair bias r;P. ;_;, so that the bias-vs-distance curve is dynamically composed per query token rather than
fixed across the input; the bias is applied only within a maximal encoded distance L,, beyond which no positional term
is imposed.

Transform-based RPE. A second family of RPE methods incorporates positional information by transforming or
reparameterizing the query and key representations before their interaction, rather than by adding a separate positional
bias to the attention logits. In general, these methods make the query—key interaction position dependent through
transformations associated with their respective positions.

Rotary Position Embedding (RoPE) [450] is the most prominent example of this approach and has been widely
adopted in modern LLMs, including the LLaMA family [486, 487, 295, 296]. RoPE encodes position by applying
position-dependent rotations to the query and key vectors. Let R; and R; denote the rotation matrices associated with
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positions i and j, respectively. Following our row-vector convention, the transformed query and key are ¢;R; and
kR ], and their interaction satisfies

(q:iR))(k;R})T = q;R;_ik ],

where R'R; = R;_; follows from the composition property of rotation matrices. Thus, although RoPE applies an
absolute position-dependent transformation to each query and key individually, their interaction depends on the relative
displacement j — i. In this way, relative positional structure is incorporated directly into the query—key interaction.

A complementary interpretation is obtained by viewing each two-dimensional RoPE component in polar coordinates.
Let g; . and k; . denote the c-th two-dimensional components of the query and key, where ¢ = 1,...,d/2. Their
contribution to the attention score can be written as

guerye €08 (= D6 + 0, — b, )

where rg; . and rg; . denote the corresponding magnitudes, ¢g, . and ¢ . their content-dependent phases, and 6. the
positional frequency. This expression reveals that the relative positional phase (j — )6, and the content-dependent
phase difference ¢g; . — ¢q, . jointly determine the angular component of the interaction. Content therefore affects the
attention score both through the magnitudes and through the same phase in which relative position is encoded. This
coupling has been characterized as content—position entanglement [127].

Polar Coordinate Positional Embeddings (PoPE) [127] modify this representation to separate the roles of content and
position more explicitly. Rather than retaining the content-dependent phases of the original query and key vectors, POPE
maps each scalar component to a non-negative magnitude while constructing its phase from positional information.
This yields complex-valued representations §; and k j» with ¢’ =1,...,d indexing their complex components. The
resulting attention logits take the form

d
logitsi‘}PE = Z 1Tk, 0 COS ((j=0D)0 +60),

c’=1

where rg, , and r; , encode content-dependent magnitudes, 6. is the positional frequency, and d, is a learnable phase
’ J.C
shift.

By removing the content-dependent phase from the angular interaction, PoPE assigns more distinct roles to the two
factors: content primarily modulates the magnitude of each component’s contribution, whereas positional information
determines its phase. This yields a more explicit separation between content and position than in standard RoPE.
This formulation has been shown to improve zero-shot length extrapolation over RoPE [127], although its direct
complex-valued implementation introduces additional memory and bandwidth overhead; the original work further
proposes an efficient implementation to mitigate this cost.

Beyond these formulations, several methods extend or reinterpret the positional transformations introduced by RoPE.
XPOS [456] augments the rotary transformation with exponential scaling to improve extrapolation beyond the sequence
lengths observed during training. FoPE [175] approaches positional encoding from a frequency-domain perspective,
using Fourier decomposition to regulate undesirable frequency components and improve length generalization. As we
will introduce in the next section, more recent work has also explored hybrid schemes that combine rotary transformations
with dynamically adjusted positional representations, allowing the encoding strategy to adapt to different context lengths
or input conditions.

10.3 Context Extension via Positional Adaptation

Generalizing beyond the sequence lengths observed during training remains a fundamental challenge for Transformers,
with positional encoding playing an important role in determining such length generalization behavior [361, 221].
Beyond designing positional encodings with stronger intrinsic length generalization, another line of work focuses on
extending the usable context range of pretrained models by adapting their positional mechanisms. These methods
modify how pretrained positional representations or indices are interpreted beyond the original training range, for
example through interpolation, rescaling, remapping, or restructuring of relative positions. Depending on whether
additional parameter updates are required, these approaches can be broadly divided into training-based and training-free
positional adaptation.
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Figure 13: Comparison of training-free positional adaptation methods, shown as the relative position matrix M [i][f]
between query position i (row) and key position j (column) for a sequence of 8 tokens. Blue cells keep the standard
relative distance i — j; orange cells mark positions remapped by each method so that no distance outside the pre-trained
range is encountered; gray cells are excluded from attention; offset w is a hyper-parameter.

Training-Based. Positional Interpolation (PI) [48] provides a simple and effective approach to extending the context
range of pretrained RoPE-based models. It linearly rescales longer positions into the pretrained positional range and
then performs lightweight fine-tuning. A complementary lever is the RoPE base frequency: “NTK-aware” scaling
and adjusted base frequency (ABF) [355, 524] enlarge the base (e.g., from 10* to 5 x 10°), which lowers all rotation
frequencies but affects the low-frequency dimensions the most while leaving high-frequency dimensions almost intact,
and therefore extends context more gracefully than uniform interpolation for the same fine-tuning budget. Building on
the general idea of adapting RoPE through positional rescaling, subsequent methods have developed more flexible scaling
strategies, including YaRN [355], LongRoPE [82], and CLEX [45]. LongLoRA [51] targets the cost of the fine-tuning
step rather than the positional mapping itself: it combines PI-style extension with shifted sparse attention during
training and parameter-efficient LoRA updates, so that extending a 7B model to a 100K context becomes affordable
on a single machine. YaRN [355] combines “NTK-by-parts” interpolation, which rescales high- and low-frequency
RoPE dimensions unevenly so that the dimensions encoding local relative order are left untouched, with an attention
temperature implemented directly as a scaling of the rotary embeddings; with a small amount of fine-tuning on long
sequences, it extends LLaMA models to context lengths far beyond their original training length while requiring fewer
fine-tuning tokens than earlier interpolation methods, and its authors report stronger perplexity and retrieval results than
those methods at equal extension ratios. LongRoPE [82] further exploits non-uniform patterns across RoPE dimensions
and token positions through an efficient search mechanism, which improves fine-tuning initialization and enables an 8x
context extension without fine-tuning in its first stage. The method further implements a progressive extension strategy,
first fine-tuning for 256K context and then applying a second round of non-uniform positional interpolation search
to reach 2048K without additional fine-tuning. CLEX [45] generalizes existing positional encoding scaling methods
by modeling continuous dynamics through ordinary differential equations applied to the length scaling factor. This
formulation overcomes the limitations of length-specific approaches and naturally extends to context lengths exceeding
the training sequence length.

Training-Free. Training-free positional adaptation extends the usable context range of pretrained models by modifying
positional assignments or position-dependent attention patterns at inference time, without additional parameter updates.
Dual Chunk Attention (DCA, also known as ChunkLLLaMA) [7] keeps the original RoPE embeddings but redesigns the
relative position matrix: attention over a long sequence is decomposed into intra-chunk, inter-chunk, and successive-
chunk components so that every relative distance falls within the pre-trained range, while integrating seamlessly with
Flash Attention. Being orthogonal to interpolation-based methods such as PI and YaRN, DCA can be stacked with them,
as done in Qwen2 [533] to reach a 128K context window. Self-Extend [209] similarly exploits positional patterns already
learned by the pretrained model. It introduces bi-level attention, using neighbor attention to preserve precise relative
positions for nearby tokens while grouping distant positions so that otherwise unseen relative distances are mapped
to values within the pretrained range. Mesa-Extrapolation [283] processes the sequence as chunks with a triangular
attention pattern: each middle chunk attends only to the first chunk and itself, with its positions re-based to directly
follow the first chunk so that the encoded distances stay within the trained range; the last chunk attends to all previous
tokens using Stair PE. STRING [8] shifts well-trained positions to overwrite the original ineffective positions during
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inference, enhancing performance within their existing training lengths. The comparison of training-free positional
adaptation methods is presented in Figure 13.

10.4 Future Directions

The journey from absolute to relative and implicit positional awareness points toward several promising research
trajectories:

* Content-Aware Positioning: Future methods may derive more of their positional behavior from sequence
content. CoPE [124] makes positional increments input-dependent, whereas DAPE [575] combines attention
scores and positional biases through a learned transformation. These distinct mechanisms suggest ways to
condition positional contributions on content.

» Implicit Positional Information (NoPE): The effectiveness of architectures that removed PE (NoPE) in
Transformers challenges the necessity of explicit positional signals [188, 497]. Notably, this observation dates
back to early deep autoregressive LMs, where removing PE matched or improved performance [188, 184].
These findings suggest that causal masking and successive nonlinear transformations may themselves provide
sufficient structural cues for models to infer aspects of token order and relative position. A deeper understanding
of when and how such implicit positional awareness emerges could inform architectures that rely less on
manually specified positional inductive biases, which potentially result in more efficient and flexible models.

* Hybrid Positional Architectures: Explicit and implicit positional mechanisms need not be mutually exclusive.
Recent architectures instead combine different positional inductive biases across the network. LLaMA 4’s
iRoPE [297], for example, interleaves RoPE-equipped local-attention layers with NoPE global-attention layers,
while related work explores hybrid ROPE-NoPE designs [534]. These results motivate architectures in which
positional mechanisms vary across layers, heads, or attention pathways, allowing different components to
specialize in local positional sensitivity or long-range interaction rather than imposing a single positional
scheme uniformly throughout the model.

* Positional Encodings for Complex Data Structures: As Transformers are increasingly applied to non-
sequential data such as graphs, 3D medical images, and multi-view scenes, the development of principled
positional encodings for these complex, multi-dimensional structures remains a critical and active area of
research.

Overall, the evolution of positional encoding reflects a broader shift from assigning fixed coordinates to individual
tokens toward modeling position as a flexible inductive bias over token interactions. As context windows continue to
expand and positional mechanisms become more adaptive, a central question is no longer simply how to encode position,
but when, where, and to what extent positional information should be imposed by the architecture.

11 Tokenization

Tokenization is a fundamental process that segments text into discrete units known as tokens, which can include words,
phrases, or individual symbols. This method serves as a critical first step in many linguistic and computational processes,
facilitating subsequent complex modules. The granularity of these tokens can vary, ranging from bytes and characters
to words and sentences. The choice of tokenization strategy significantly impacts a model’s performance, efficiency,
and its ability to handle diverse languages and linguistic structures [358]. In this section, we provide an overview of
tokenization approaches, including tokenizers with different granularities [299], and introduce research focused on
identifying the optimal vocabulary size for effective tokenization.

11.1 Tokenizers with Different Granularities

Tokenizers differ primarily in the granularity of the units they produce; Table 11 compares the resulting trade-offs, and
the following paragraphs describe each level in turn.

Character-Level Tokenizer. A character-level tokenizer splits text into individual characters, treating each as a
token [422, 459, 129, 218, 562]. For example, “hello” is tokenized as [“h”, “e”, “1”, “1”, “0”]. The vocabulary is small,
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typically including letters, numbers, punctuation, and spaces. Character-level tokenizers avoid the out-of-vocabulary
(OO0V) issue [349] for text whose characters are covered by the supported alphabet. Nevertheless, they may result
in longer sequences, which increases computational complexity, and can struggle with capturing semantic meaning
effectively.

Word-Level Tokenizer. Word-level tokenizers treat each word as a token [27, 301]. For example, “Hello, world!”
becomes [“Hello”, “,”, “world”, “!”’]. This method relies on a predefined vocabulary, with each word assigned a unique
ID. It aligns well with human linguistic intuition and is effective for languages with clear word boundaries. However,
it struggles with OOV words, typos, and morphological variations, often requiring a large vocabulary to account for
all forms. While simple and intuitive, word-level tokenization is inefficient for morphologically rich languages and
sensitive to spelling errors.

Subword-Level Tokenizer. Subword tokenizers split text into units smaller than words but larger than characters,
balancing efficiency and vocabulary size [303]. For example, “unbelievable” may be tokenized into [“un”, “believ”,
“able”]. Byte Pair Encoding (BPE) originated as a byte-based compression algorithm [107]. Its adaptation to subword
tokenization [428] starts from characters and repeatedly merges frequent adjacent symbol pairs to construct a subword
vocabulary. However, modern LLMs (e.g., GPT-2 [379]) typically utilize Byte-Level BPE (BBPE), which operates
on UTF-8 bytes rather than Unicode characters. This modification ensures that any string can be processed without
introducing out-of-vocabulary (OOV) tokens, as the model can fall back to individual bytes for unknown sequences.
This approach allows the model to handle rare words effectively while common words are represented as single tokens.
WordPiece [424, 513] iteratively merges units that maximize the likelihood of the training data when added to the
vocabulary. The Unigram language model [238] offers an alternative approach to subword segmentation based on a
probabilistic framework. Unlike BPE, which applies deterministic greedy merging, the Unigram model assumes that
each subword occurs independently. SentencePiece [239] packages BPE and Unigram training and segmentation in a
language-independent toolkit that operates on raw text without whitespace pre-tokenization, which makes it suitable for
languages without explicit word delimiters and is the implementation behind many LLM tokenizers. More recently, the
Over-Tokenized Transformer (OTT) [176] leaves the tokenizer unchanged but enlarges the input vocabulary with hashed
multi-gram embeddings while keeping the output vocabulary fixed; we discuss it together with other vocabulary-scaling
strategies in Sec. 11.2.

Tokenization-Free Methods. Tokenization-free methods bypass predefined subword vocabularies by processing raw
text at the character or byte level. Early works laid the foundation for this paradigm: Gillick et al. [121] demonstrated
multilingual language processing directly from byte sequences, and Irie et al. [186] studied byte-level CNN language
models for low-resource speech recognition. A related but distinct line of character-input models, such as the
character-aware language model of Kim et al. [225] and CharacterBERT [89], composes word-level representations
from characters (e.g., via CNN-based composition) but still relies on word-level segmentation, and in Kim et al.’s case
on a word-level output vocabulary. Byte-level approaches cover any byte sequence, while character-level coverage
depends on the supported alphabet; both can reduce OOV issues at the tokenization stage and can improve robustness to
noise, but they typically increase sequence length and computation. To make tokenization-free processing practical for
Transformers, several architectures have been proposed. ByT5 [531] trains a T5-style Transformer directly on bytes
(byte-to-byte), reporting competitive results with higher computational cost. CANINE [63] targets efficiency with a
tokenization-free encoder that uses hashing-based embeddings and downsampling. Recent work explores hierarchical
or adaptive compression: MEGABYTE [546] uses a multiscale (local/global) Transformer to model very long byte
sequences; Byte Latent Transformer (BLT) [344] learns to represent text via variable-length byte patches (“latent
tokens”); and MrT5 [216] applies dynamic token merging through a learned deletion gate that reduces the effective
byte-sequence length.

11.2  Vocabulary Size

Current mainstream LLMs predominantly utilize subword-level tokenization methods. Historically, the vocabulary size
(IV|) has been treated as a relatively static hyperparameter, typically constrained to the range of 32K to 64K tokens (e.g.,
32K for LLaMA and LLaMA 2 [486, 487]). Recent model families have moved to markedly larger vocabularies, such as
128K for LLaMA 3 [295], about 152K for the Qwen series [20, 371], and 256K for Gemma [467] (see the Vocab. column
of Table 13). This design choice reflects a fundamental trade-off between sequence efficiency and parameter efficiency.
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Granularity Compression Ratio Pros Cons Related Methods

Character-Level Low (Single characters) Small vocabulary; covers words Long sequences, poor CharCNN [562], CharRNN [218]
within the supported alphabet semantic coherence

Word-Level High (Full words) Semantic units, shorter sequences OOV issues, vocab explosion Bengio et al. [27], RNNLM [301]

Subword-Level Moderate (Subword units) Balances vocabulary size and Learned segmentation; BERT [80], GPT-2 [379]
sequence length algorithm- and

corpus-dependent

Byte-Level Low (Individual bytes) Fixed byte alphabet; no subword Long sequences ByT5 [531]
(e]0)%

Adaptive Byte Patches ~ Variable (Grouped bytes) Fixed byte input with compressed Additional patching and local BLT [344]
latent patches processing

Table 11: Comparison of tokenization methods by granularity.

A larger vocabulary increases the information density per token, effectively compressing the sequence length and thereby
mitigating the quadratic cost of the attention module. Conversely, increasing |V| linearly expands the embedding and
the final output projection matrices, leading to parameter bloat and exacerbating the Softmax bottleneck [543]. This
expansion also imposes significant memory bandwidth constraints and increases the computational cost of the logit
generation step. While earlier scaling laws prioritized model parameters and data volume, recent studies [176, 464, 544]
revisit this trade-off, underscoring the intricate role of vocabulary size in achieving a balance between performance,
computational efficiency, and multilingual capabilities. These findings suggest that standard vocabulary sizes may be
suboptimal for modern compute budgets and advocate for more nuanced designs, such as dynamic adaptation, the
decoupling of input and output vocabularies, and compute-optimal scaling strategies.

Recent investigations [464] have shown that the compute-optimal vocabulary size grows with the compute budget
following a power law, but more slowly than the number of non-vocabulary parameters: larger models benefit from
expanded vocabularies, yet the vocabulary-related parameters should take up a decreasing share of the parameter
budget as models scale. Here vocabulary size V = |V| counts token types, whereas a vocabulary matrix of hidden
width d contains Vd parameters; these are distinct scaling quantities. By training models ranging from 33 million
to 3 billion parameters across various vocabulary configurations, they discovered the optimal vocabulary size is
intrinsically linked to the compute resources available. The findings indicate that many existing LLMs utilize suboptimal
vocabulary sizes, which may restrict their performance. For example, they predicted that the optimal vocabulary size for
LLaMA-2-70B [487] should be at least 216K tokens, which is seven times larger than its current vocabulary size of 32K
tokens.

Scaling up vocabulary size typically improves performance but often reduces computational efficiency. To address this,
the Over-Tokenized Transformer (OTT) [176] proposes a decoupling of input and output vocabularies. This approach
allows for the expansion of input vocabularies to leverage multi-gram tokens while maintaining a conventional output
vocabulary; the over-encoding adds hashed n-gram embeddings to each existing token position, so the token sequence
and its length are unchanged. A log-linear relationship between input vocabulary size and training loss is identified,
demonstrating that increasing the input vocabulary size consistently enhances model performance across the model
sizes studied (OLMo2 dense models from 151M to 1B parameters and OLMoE-style MoEs). Notably, the results
suggest that utilizing a large input vocabulary can achieve performance levels comparable to those obtained by doubling
the model size, thus providing a computationally efficient pathway for enhancing LLM capabilities. Similarly, the
SCONE method [544] extends input embedding layers by incorporating embeddings for frequently occurring n-grams,
enhancing the contextual representation of input tokens. This strategy allows for the scaling of embedding layers without
significantly increasing computational costs during inference. By precomputing these embeddings and storing them in
off-accelerator memory, SCONE ensures efficient inference while benefiting from an expanded vocabulary.

Another emerging strategy is dynamically adjusting vocabulary size to enhance model performance. Vocabulary
Curriculum Learning (VCL) [545] modifies the vocabulary during pre-training based on the model’s learning progress.
By alternating between entropy-guided vocabulary expansion and model optimization, VCL enables the model to develop
transferable representations across different tokenization levels. This approach fosters a hierarchical token organization,
where longer tokens encapsulate predictable content, while shorter tokens focus on complex, less predictable contexts.
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11.3 Future Directions

The evolution of tokenization is shifting from static, heuristic-based preprocessing toward dynamic, architecture-aware
methodologies. We identify three critical trajectories for next-generation designs:

* Compute-Optimal Vocabulary Scaling: Compute-optimal vocabulary scaling is emerging as a necessary
extension of existing scaling laws. Future research must move beyond fixed vocabulary sizes, treating the
vocabulary dimension as a hyperparameter co-optimized with model depth and width.

* Asymmetric Tokenization: The paradigm of asymmetric tokenization offers a pathway to reconcile the
trade-off between encoding context and decoding latency. By decoupling input and output vocabularies,
future architectures may combine massive multi-gram input vocabularies with compact output spaces for
efficient generation. Whether such input vocabularies can also shorten the sequence is a separate and open
question: current over-encoding enriches the representation at each position without merging tokens, so
context compression would additionally require a segmentation or merging operator that neither OTT nor
SCONE provides. This asymmetry invites novel architectural adaptations, such as specialized encoder-decoder
interfaces that can translate between varying granularities of semantic units.

* Hierarchical Latent Tokenization: The convergence of token-based and token-free methods points toward
hierarchical latent tokenization. Rather than choosing between rigid subwords and raw bytes, next-generation
models will likely adopt hierarchical encoders that dynamically group bytes into learned, semantic patches,
akin to Vision Transformers. This approach promises to retain the universality and robustness of byte-
level processing while achieving the computational efficiency of subword models, ultimately enabling truly
language-agnostic foundation models.

12 Multi-Token Prediction

Mainstream LLMs are trained with the next-token prediction (NTP) objective: given a prefix, the model learns to
assign a probability distribution over the single next token, and generation proceeds autoregressively, one token per
forward pass. Despite its simplicity and scalability, this paradigm suffers from two fundamental limitations. First, at
inference time, decoding is strictly sequential, so each generated token requires a full forward pass over the model.
At small batch sizes, decoding is often memory-bandwidth-bound: the arithmetic units remain underutilized while
model weights and the KV cache are repeatedly loaded from memory, so per-token latency is dictated by memory traffic
rather than by arithmetic [247, 517]. Larger batches can increase arithmetic intensity and reduce the relative benefit
of speculative decoding; the bottleneck also depends on context length, hardware, and implementation. Second, the
NTP training signal is local and myopic, encouraging the model to latch onto local correlations and shortcut solutions
rather than to plan for the future content of the sequence [123, 14]. Multi-token prediction (MTP) addresses both
issues by training the model to predict several future tokens at each position. Densifying the training signal in this way
encourages representations that encode longer-horizon information, and the extra prediction capability can be reused at
inference time to draft multiple tokens per forward pass. To realize this acceleration, MTP is typically paired with the
draft-then-verify paradigm of speculative decoding [446, 247]: the MTP predictions serve as cheap drafts of the next few
tokens, which the model then verifies in a single parallel forward pass, amortizing the per-token memory traffic; with an
appropriate acceptance rule the output distribution of the base model is preserved exactly. We classify MTP methods
by how the K future predictions are factored: parallel heads that are conditionally independent given the backbone
representation (Sec. 12.1), and sequential predictors that condition each step on preceding future tokens (Sec. 12.2).
Joint pre-training versus retrofitting onto an existing checkpoint is an orthogonal choice of when the predictor is attached,
not a third factorization. Both factorizations are consumed at inference through the same draft-then-verify procedure;
methods whose main contribution is to this procedure rather than to the predictor form a separate group, inference
integration (Sec. 12.3), which cuts across the two factorizations rather than adding a third.

Given a token sequence xi.7, we use K for the total training prediction horizon, including the next token. In the

parallel-head formulation, MTP predicts x;41, . . . , X;+k at each position z:
T-K K
Lwrp == ) > 10g Po(xiex | x14), (31)
t=1 k=1
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Figure 14: Comparison of the two MTP factorizations. (a) Parallel prediction attaches K heads to the same backbone
representation z;, so the K predictions are cheap but conditionally independent given z,. (b) Sequential prediction (e.g.,
DeepSeek-V3 [269]) is illustrated with D = 2 extra modules (K = 3 total predictions), each combining the previous
depth’s hidden state with the embedding of the intermediate token, so every prediction is conditioned on its complete
preceding context; the embedding layer and the output head are shared with the main model. At training the intermediate
tokens are ground truth; at inference, when the modules are retained for drafting, they are the model’s own predictions.

which reduces to NTP when K = 1. Sequential predictors, described below, additionally condition on intermediate
tokens and therefore use a different factorization. We denote their number of extra modules by D, giving K = D + 1 for
one module per additional position; inference rollout length is denoted separately by R and need not equal either count.
The idea predates modern LLMs: blockwise parallel decoding [446] augments an autoregressive Transformer with
auxiliary heads that propose the next k tokens in parallel, and ProphetNet [362] pre-trains sequence-to-sequence models
with a future n-gram prediction objective via an n-stream self-attention mechanism. The central architectural question is
whether the K predictions are conditionally independent given the backbone representation, or chained so that each
prediction conditions on preceding future tokens. Figure 14 contrasts the two designs.

12.1 Parallel Prediction

The most direct implementation of Eq. (31) attaches K parallel output heads to a shared backbone (also called the
trunk) [446, 123]. The backbone f; produces a contextual representation z, = fs(x;.;), and each head f}, , typically a
single Transformer layer or feed-forward block, predicts the token k steps ahead through a shared unembedding matrix
Wy € R¥XIVI (following the row-vector convention of Sec. 4):

Po(xp4k | x1:¢) = softmax(fi, (z:) Wy), k=1,...,K. (32)

Since all heads operate on the same backbone representation, the training cost is close to that of NTP; a memory-efficient
implementation computes the forward and backward passes of the heads sequentially so that the peak memory of the
large logit tensors does not scale with K [123]. The limitation of this design is that the K predictions are conditionally
independent given z,: each head predicts its target in isolation and cannot condition on the intermediate future tokens,
so the heads effectively learn marginal distributions over future positions rather than the joint conditional distribution,
which caps the accuracy of the predictions at larger offsets k. Follow-up work can restore communication among the
heads while remaining in one parallel pass: Amphista [259] lets the future positions exchange information through
bi-directional attention with staged adaptation layers, improving candidate consistency without an autoregressive rollout.

The same parallel-head structure can be attached to an already pre-trained model purely for inference acceleration.
Medusa [35] fine-tunes several feed-forward decoding heads on top of a (optionally frozen) backbone, and verifies
the tree of candidate continuations they propose in a single forward pass via a tree-structured attention mask. At the
lightweight end of the spectrum, MuToR [115] interleaves learnable register tokens that each carry the prediction of
one future position, and Samragh et al. [397] convert a pre-trained autoregressive model into a multi-token predictor
by inserting mask tokens as future slots and routing the MTP behavior through gated LoRA parameters with a small
sampler head, reporting speedups of about 2.5x on general tasks and up to 5x on code and math without quality
degradation—evidence that pre-trained models already encode substantial information about future tokens. Most of
these retrofit designs leave the pre-training objective of the base model untouched (Medusa-2, which jointly fine-tunes
the backbone, is an exception); they trade a small amount of fine-tuning for substantial decoding speedups on existing
checkpoints.
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12.2 Sequential Prediction

Sequential predictors chain extra modules so that the causal chain of predictions is preserved. DeepSeek-V3 [269]
instantiates this with D extra lightweight MTP modules. For k = 1, ..., D, the k-th module combines the hidden state
from the previous depth with the embedding of the intermediate token, and processes the result with an additional
Transformer block TRMy:

h* = TRMk([RMSNorm(hf—l);RMSNorm(Emb(ka))]w’;,), 33)

where h? is the output of the main model, W¥, € R*¥* is a fusion projection matrix, and [; -] denotes the concatenation
of the two d-dimensional row vectors into a 2d-dimensional one. Each module adds a Transformer block, the fusion
projection (with 24> weights), and associated normalization parameters, while sharing the embedding layer and output
head with the main model. Because module k observes the token x;.x before predicting x;x+1, €ach prediction remains
conditioned on its complete preceding context, in contrast to the conditionally independent parallel heads. During
training that intermediate token is the ground-truth x, 4 (teacher forcing). The MTP losses at all depths are averaged
and added to the NTP loss with a weighting factor A, providing a densified training signal: at inference the modules can
be discarded, leaving a standard NTP model with no serving overhead, or retained and rolled out on the model’s own
predictions to draft tokens for speculative decoding.

FastMTP [38] replaces the position-specific modules with a single shared-weight module applied recursively, so that the
parameter count no longer grows with the prediction horizon. Since a module trained only under single-step teacher
forcing degrades rapidly when unrolled on its own predictions (the acceptance rates of the first three drafted tokens fall
to roughly 70%, 11%, and 2%), FastMTP applies rollout-aligned self-distillation that raises them to about 81%, 56%,
and 36%, together with a language-aware vocabulary compression that reduces the drafting softmax cost, achieving an
average lossless speedup of 2.03x over standard decoding.

This sequential recipe has become the standard MTP component of recent open-weight LLMs. DeepSeek-V3 [269]
trains with a single extra module (D = 1, K = 2), which improves quality on most evaluation benchmarks; when the
module is retained at inference for speculative decoding, the acceptance rate of the MTP-predicted second token (x;.2
relative to prefix xi.;) reaches 85%—90%, improving decoding throughput by roughly 1.8x. MiMo-7B [278] likewise
employs an MTP module during pre-training and replicates it at inference to draft multiple tokens, reporting acceptance
rates around 90%; notably, its report finds that adding more MTP layers does not consistently improve the main model’s
quality but does lengthen the accepted draft, indicating that the capability-optimal and drafting-optimal prediction
depths differ. Its successor MiMo-V2-Flash [279] releases three MTP layers along with the open weights, reporting an
average accepted length of up to 3.6 and a decoding speedup of about 2.6x. Subsequent open-weight models have
largely converged on this single-extra-module, DeepSeek-style recipe, though with instructive design divergences.
GLM-4.5 [479] instantiates the MTP layer as an MoE layer, whereas LongCat-Flash [474] explicitly compares dense
and MoE drafters and opts for a lighter dense MTP layer; it further observes that the MTP loss converges faster than the
backbone objective and therefore enables it only in the middle of training, making the timing of the MTP objective itself
a design variable. Qwen3-Next [477] similarly ships a native MTP module tied to speculative decoding. openPangu
Ultra-MoE [463] integrates an MTP layer as well and highlights its training-system cost: the fused computation of
the MTP layer, output head, and cross-entropy amounts to roughly 2.5 the MoE computation and creates significant
load-balancing pressure, showing that the price of native MTP is not confined to inference.

A sequential predictor can also be retrofitted onto a frozen pre-trained backbone for drafting alone. Hydra [9] keeps one
head per offset but makes the k-th head condition on the candidate tokens already drafted for the preceding positions,
restoring the causal chain that parallel heads omit. EAGLE [256] observes that autoregression is more predictable at
the feature level than at the token level, and trains a single lightweight head that extrapolates the top-layer features of
the backbone, additionally feeding in the sampled token embedding to resolve the sampling uncertainty of the feature
sequence. Its successors refine both the search and the training: EAGLE-2 [257] leaves the drafter unchanged and
only expands and prunes the candidate tree dynamically according to the drafter’s confidence (Sec. 12.3), whereas
EAGLE-3 [258] abandons feature regression altogether, fusing hidden states from multiple layers of the backbone to
predict draft tokens directly and employing a training-time test procedure that exposes the drafter to its own rollout
states. HASS [558] addresses the same train—inference mismatch of recursive drafting through harmonized objective
distillation and context alignment. Self-drafting can also reuse the backbone itself: Draft & Verify [557] skips a
selected subset of intermediate layers of an unmodified model to produce drafts, requiring no training at all, whereas
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LayerSkip [93] trains the model with early-exit losses and layer dropout so that its first layers act as the drafter and the
full model as the verifier (see also Sec. 13).

12.3 Inference Integration

Regardless of the predictor structure, the multi-token predictions are usually consumed through the draft-then-verify
paradigm of speculative decoding [446, 247, 44]: the extra heads or modules cheaply draft several future tokens, and
the main model verifies them in one parallel forward pass, accepting a prefix of the draft according to an acceptance
rule. The methods grouped here leave the factorization of the drafter untouched and instead improve one step of this
procedure: the acceptance rule, the organization of candidates for verification, the draft length, or the alignment between
drafter and target model. Most of them were introduced with a separate draft model, but the same mechanisms apply
when the drafter is an MTP head or module. Speculative decoding [247] and the concurrent speculative sampling [44]
define the acceptance rule: a drafted token £ is accepted with probability min (1, p(£)/¢ (%)), where p and g are the
target and draft distributions at that position, and the token at the first rejected position is resampled from the residual
distribution proportional to max(0, p — ¢). Under this rule (or exact matching under greedy decoding), the output
distribution is provably identical to standard autoregressive decoding, so MTP-based acceleration is lossless in this
setting; relaxed rules such as Medusa’s typical acceptance [35] trade this guarantee for higher acceptance rates, and
several of the LLM releases surveyed above do not specify which rule they use. SpecInfer [298] organizes multiple
candidates per position into a token tree and verifies the whole tree in a single forward pass through tree-structured
attention, and EAGLE-2 [257] keeps the EAGLE drafter unchanged but constructs the tree dynamically from the drafter’s
confidence scores. SpecDec++ [177] adapts the draft length on the fly, while DistillSpec [581] and LK Losses [396]
raise the acceptance rate by explicitly aligning the drafter with the target model. Blockwise parallel decoding [446] and
Medusa [35] also shape this procedure, the former with greedy verification of parallel drafts and the latter with tree
attention and typical acceptance, but because each introduces a new predictor, we classify both under parallel prediction
(Sec. 12.1).

The achieved speedup depends on draft acceptance, drafting and verification costs, batch size, context length, hardware,
and implementation. Compared with speculative decoding that relies on a separate, independently trained draft
model, MTP-style self-drafting requires no standalone auxiliary model: the predictor is a small module that shares the
backbone’s representations, embeddings, and output head, is trained jointly with (or fine-tuned on top of) the target
model, and is served as part of it. This tight coupling is a large part of why it has become the preferred form in recent
open-weight LLMs, although, as discussed in Sec. 12.4, the module must still be kept aligned when the backbone is
subsequently post-trained. A comparison of representative MTP designs is provided in Table 12.

12.4 Future Directions

The trajectory of MTP suggests an evolution from an auxiliary trick into a first-class architectural component, and we
identify three promising directions:

* Prediction Horizon: The prediction horizon remains largely heuristic: several production systems use a single
extra module (D = 1, K = 2), whereas research results indicate that the optimal depth depends on model scale,
data modality, and vocabulary granularity [123], and the depth that best improves model capability need not
coincide with the depth that best serves drafting [278]. Treating the horizon as a dimension of the scaling laws,
potentially with position-dependent schedules during training and adaptive draft lengths at inference [177], is a
natural next step.

* Hybrid Predictors: Current designs face a trade-off between the efficiency of conditionally independent
parallel heads and the accuracy of sequential predictors; hybrids that share computation across depths while
preserving the causal chain [38], or that draft at the feature level as in EAGLE [256], could push acceptance
rates and thus decoding speedups further.

* Coupling to the Backbone across Post-Training: How the MTP module stays coupled to the backbone across
post-training remains largely unexplored: a drafter frozen after pre-training can drift away from the SFT- or
RL-tuned target distribution, motivating designs and training recipes that keep the drafter synchronized with the
evolving backbone, whether through online calibration during reinforcement learning [504] or re-distillation
from the updated backbone [227, 571].
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Method Predictor Structure Predictor Draft Policy Primary Role
Count
Blockwise Decoding [446] Parallel feed-forward heads K heads Parallel block proposals Draft-then-verify decoding
ProphetNet [362] n-stream self-attention 2 streams Not used for drafting here Pre-training objective
MTP [123] Parallel Transformer heads; shared K = 4 heads Parallel block proposals Training signal; self-speculative

Medusa [35]

unembedding

Fine-tuned MLP heads

4 extra heads

Candidate tree; parallel verification

decoding

Speculative decoding

Hydra [9]

Sequentially dependent draft heads

4 extra heads

Heads condition on preceding
candidates

Speculative decoding

EAGLE [256, 257] Feature-level autoregressive head 1 head Static tree; dynamic in EAGLE-2 Speculative decoding

EAGLE-3 [258] Multi-layer feature fusion; direct token 1 head Dynamic candidate tree Speculative decoding
drafting

DeepSeek-V3 [269] Sequential MTP; shared embedding D = 1 module  Optional sequential drafting Training signal; speculative decoding
and output head

MiMo [278, 279] Sequential MTP; inference reuse D =13 Sequential drafting with module reuse Training signal; speculative decoding

modules
GLM-4.5 [479] Sequential MoE MTP layer D =1 module Sequential drafting Speculative decoding
LongCat-Flash [474] Sequential dense MTP layer D = 1module Sequential drafting Speculative decoding

FastMTP [38] Shared-weight recurrent MTP head 1 shared module Recursive rollout; aligned training Self-speculative decoding

Table 12: Representative multi-token prediction designs and configurations, grouped by factorization. The first block
is parallel heads; the second is sequential predictors. Counts refer to heads, streams, or extra sequential modules as
indicated, not to tree depth or accepted length. K includes the ordinary next-token prediction; D counts extra modules,
with K = D + 1 in the sequential training setup. The inference rollout length R depends on the draft policy and can
differ from the number of distinct predictors.

13 Adaptive and Recurrent Depth

Transformer decoders conventionally apply a fixed stack of L layers to every token. Variable-depth architectures instead
adapt the executed transformations, either by selecting among distinct parameterized layers or by repeatedly applying
shared ones. For the former, let m((}) € {0, 1} indicate whether token i executes layer €. Its effective depth is

l L
L=,

=1

(34)

The standard decoder has mlm = 1 and hence L; = L. Early exit restricts execution to a prefix of the stack, layer

reduction uses a shallower subnetwork, and conditional depth allows token—layer participation to vary. Depth-recurrent
architectures realize additional effective depth differently, by revisiting shared transformations. Figure 15 contrasts the
three families.

13.1 Depth Reduction and Early Exit

Early-exit methods terminate computation once an intermediate representation is sufficiently predictive. If token i exits
at depth ¢;, then ml@ = 1[¢ < e;] (Figure 15a). Depth-Adaptive Transformers learn intermediate decoder predictions
and dynamically select depth in sequence-to-sequence translation, whereas CALM uses calibrated confidence criteria for
token-wise early exit in language-model decoding [91, 425]. A per-token exit depth does not by itself define a runnable
causal decoder: if token i exits at layer e; and a later token j proceeds to a layer £ > e;, the self-attention at layer £
needs keys and values of token i that were never computed. Both methods resolve this by state propagation, copying
the hidden state of the exit layer to all skipped layers and applying each layer’s own key and value projections to it;
CALM reports that this approximation costs little, whereas copying the already projected keys and values of the exit
layer degrades quality markedly [91, 425].

Depth can also be reduced at the network level. LayerDrop trains with structured layer dropout, making a model robust
to subnetworks of different depths and enabling shallower extraction at inference time [95]. LayerSkip combines layer
dropout with intermediate prediction losses; its early layers draft tokens that deeper layers verify, linking depth reduction
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Figure 15: Three ways of varying executed depth. Blue blocks are distinct parameterized layers, orange blocks are
auxiliary decision or prediction modules, and purple denotes a block whose parameters are shared across repeated
applications. (a) Layer reduction (e.g., LayerDrop [95]) removes whole layers for all tokens, letting the residual stream
bypass them; early exit (e.g., CALM [425]) attaches intermediate prediction heads and terminates a token once an exit
criterion is met, so that mlm = 1[¢ < ¢;]. (b) Mixture-of-Depths [384] places a router before a conditional block: an
input-dependent top-k, subset of tokens executes the block while the remaining tokens take the residual bypass, keeping
the active compute per layer fixed as in Eq. (35). (¢) A looped Transformer (e.g., Huginn [111]) applies a shared core R
times to a latent state, with the prelude representation X reinjected at every recurrence as in Eq. (36); the recurrence
count can be fixed, assigned per token by a router [16], or determined by a convergence criterion [318].

to self-speculative decoding (Sec. 12) [93]. Thus, early exit allocates a prefix per token, while layer reduction typically
selects a subnetwork shared across tokens.

13.2 Conditional Depth over Distinct Layers

Conditional depth allows mff) to depend on the representation of token 7 at layer £. Mixture-of-Depths (MoD) routes
only a fixed-capacity subset of tokens through selected Transformer blocks; other tokens follow the residual bypass [384]
(Figure 15b). For a sequence of T tokens and conditional-layer capacity k¢,

T
Z m'? = k;. (35)
i=1

The active tokens are input dependent, while each conditional block retains an approximately fixed active-compute
budget. The sequence-wide top-k selection used during training is non-causal, since a token’s membership depends on
other tokens’ scores. For autoregressive inference, MoD instead learns a causal approximation through an auxiliary
router loss or a separate predictor [384].

Conditional computation need not alter layer participation. CoLT5 applies light attention and feed-forward computation
to all tokens but routes selected tokens through additional heavy branches [2]. It therefore changes computation within a
layer, whereas MoD changes whether a token executes the principal block transformation. Routing is also independent
of parameter sharing: it may select distinct layers, within-layer branches, or repeated applications of a shared block, as
in Mixture-of-Recursions below. This distinction complements the expert-routing perspective in Sec. 7.

13.3 Looped (Depth-Recurrent) Transformers
A looped, or depth-recurrent, Transformer repeatedly applies a shared transformation to an evolving latent state:
H(””:FQ(H(’),X), F=0,...,R—1. (36)

Increasing R adds computational depth without introducing a separate parameter set at every step (Figure 15c). This
recurrence acts along model depth and should not be conflated with sequence recurrence, which propagates state across
positions or sequence blocks to summarize history (Sec. 6).
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The Universal Transformer established this design by repeatedly applying shared Transformer computation and using
Adaptive Computation Time for symbol-wise halting over recurrent depth [77, 130]. Later analyses showed that looped
Transformers can implement iterative algorithms and latent multi-step reasoning [120, 535, 108, 399]. Recent language
models such as Huginn and Ouro scale this principle as an adjustable axis of latent computation [111, 587].

Recurrence Topology. Architectures differ in the granularity and interfaces of the repeated computation. Huginn
uses a non-recurrent prelude, a shared recurrent core, and a non-recurrent coda; the prelude representation is reinjected
into the core to anchor the evolving state [111]. Such designs separate unique parameter depth from executed depth
while preserving dedicated input and output transformations.

Recurrence Allocation. The recurrence count may be fixed, sampled during training, chosen globally at inference time,
or assigned conditionally. Huginn trains the same core under varying recurrence counts [111]. Mixture-of-Recursions
routes tokens to different recursion depths, combining parameter sharing with token-level computation allocation [16].
Fixed-Point Reasoners instead stop recurrent refinement according to a convergence criterion [318]. Conditional routing
and recurrent depth are therefore compatible rather than competing categories.

Functional Differentiation under Sharing. Strict weight tying does not imply identical behavior across recurrences
because the latent state changes at each step. Timestep embeddings can further condition the shared block on effective
depth, while recurrence-specific low-rank modules partially relax weight tying [527, 15]. These mechanisms determine
how strongly successive recurrences can specialize; this is distinct from deciding how many recurrences to execute.

13.4 Training and Scaling Variable Depth

Variable-depth models must remain predictive and stable across the depths used in training and deployment. The main
issues are supervision of intermediate states, credit assignment through repeated computation, dynamical stability, and
the parameter—compute trade-off.

Supervision and Credit Assignment. Intermediate objectives make shallow states directly predictive: LayerSkip
supervises intermediate layers, Ouro predicts at successive recurrent steps and learns an exit distribution, and Fixed-Point
Reasoners use deep supervision across truncated recurrent windows [93, 587, 318]. Full backpropagation differentiates
through every recurrence but increases activation memory and extends the Jacobian chain. Huginn instead retains long
forward trajectories while backpropagating only through a final recurrence window [111]. For equilibrium models,
implicit differentiation avoids storing the complete solution trajectory, and phantom gradients approximate this backward
computation through damped unrolling or truncated Neumann series [21, 114, 501]. Forward stopping and backward
credit assignment are thus separable choices.

Dynamical Stability. Repeated transformations can amplify unstable modes or induce oscillation. Ouro reduced
its training depth from eight to four recurrences after observing instability [587]. Fixed-Point Reasoners promote
convergence through residual scaling, contractive initialization, and damping [318]; STARS regularizes the recurrent
Jacobian’s spectral radius to encourage asymptotically stable fixed points [542]. Stability is consequently a prerequisite
for using additional recurrence, not merely a numerical detail.

Depth Extrapolation. Numerical stability alone does not ensure useful predictions beyond the training-depth range.
LoopFormer conditions recurrence on trajectory time and step size and enforces consistency across trajectories of
different lengths, improving operation under multiple compute budgets [201]. Allocation determines the requested
depth; extrapolation determines whether computation at that depth remains reliable.

Scaling Trade-offs. Parameter sharing reduces unique parameter count but not the cost of repeated attention and
feed-forward computation. Ouro, for example, shares KV caches across recurrent steps to reduce decoding memory [587].
Iso-depth experiments quantify the capacity of shared recurrence through a recurrence-equivalence exponent ¢: ¢ = 0
denotes no capacity gain and ¢ = 1 full equivalence to unique depth. A reported estimate of ¢ = 0.46, reduced to
0.38 with truncated backpropagation, indicates that recurrence provides partial rather than one-for-one replacement of
independently parameterized layers [426]. These values are architecture- and training-dependent, but they expose the
central exchange between parameter capacity and repeated computation.
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13.5 Future Directions

Adaptive and recurrent depth turn the number of executed layers into an allocatable resource, but the mechanisms
reviewed above leave several questions open:

* Stable Training at Greater Recurrent Depth: Current systems either cap the recurrence count during training
or rely on damping, contractive initialization, and spectral regularization to keep repeated computation stable
(Sec. 13.4). Whether these remedies scale to substantially deeper recurrence, and at what cost in expressiveness,
remains untested at LLM scale.

* Depth Extrapolation and Budget-Conditioned Inference: A model should remain reliable at inference
budgets not emphasized during training, so that the same weights can serve latency-critical and quality-critical
requests. Trajectory-consistency objectives and time-conditioned recurrence are first steps; principled ways to
choose the executed depth per token or per request are still lacking.

* Joint Allocation across Depth, Tokens, and Experts: Conditional depth, multi-token prediction (Sec. 12),
and expert routing (Sec. 7) all decide how much computation a token receives, yet they are currently designed
and tuned separately. Unifying these decisions under a single budget, and understanding their interactions with
the KV cache and with batching, is a natural next step.

* Evaluation under Matched Compute: Recurrence-equivalence estimates such as ¢ ~ 0.4 show that shared
recurrence is only a partial substitute for unique depth. Progress should be reported under matched training and
inference compute: additional recurrence is useful only when it yields predictable gains without transferring
disproportionate cost to decoding.

14 Popular Architectures

Representative large language model (LLM) families provide a system-level view of how the components surveyed
above are combined in practice. We first trace the development of open-weight LLMs and the architectural precedents
that shaped them, emphasizing shifts in the dominant model configuration rather than successive increases in model
size. We then identify recurring design patterns that cut across individual families. Detailed configurations are reported
in Table 13 for dense models and Table 14 for MoE models.

14.1 Evolution of Open-Weight LLMs and Their Precursors

Architectural Foundations and Open Replication. The development of open-weight LLMs is not a self-contained
lineage: several architectural and scaling choices first became influential in models that either predate the current
open-weight families or whose weights were not openly released. T5 [381], released with open weights, formulated a
unified text-to-text framework with an encoder—decoder Transformer, whereas the closed GPT-3 [34] demonstrated the
few-shot behavior of a decoder-only model at substantially larger scale. Jurassic-1 [262] and Gopher [380] continued this
emphasis on parameter growth, while Chinchilla [168] showed that training data and model size must be allocated jointly
under a fixed compute budget. PaLM [61] combined scaling with architectural choices such as parallel attention and
feed-forward computation, multi-query attention, SwiGLU, and RoPE. Openly released OPT [561] and BLOOM [510]
subsequently made GPT-style large-model research more accessible, with BLOOM also adopting ALiBi [361] rather
than learned absolute positional embeddings. Together, these models illustrate the decoder backbone, training-scale
considerations, and initial efficiency mechanisms that also appear in later open-weight families.

Convergence on a Reusable Dense Baseline. The release of the LLaMA family [486, 487, 295, 296] marked a shift
from reproducing large GPT-style models to consolidating a reusable dense configuration. Its combination of a decoder-
only layout, Pre-RMSNorm, SwiGLU, and RoPE became common across subsequent families, while the larger LLaMA 2
variant adopted grouped-query attention (GQA) and LLaMA 3/3.1 increased both model and training-data scale. This
convergence did not eliminate variation. Pythia [31] emphasized reproducibility by releasing intermediate checkpoints;
StarCoder [253] adapted the decoder to code through multi-query attention and fill-in-the-middle training; MPT [475],
Falcon [5], and Baichuan 2 [532] retained distinct positional, block, or output-head choices. Mistral [205] combined
GQA with sliding-window attention. Most Qwen and Qwen1.5 variants used MHA, although the later Qwen1.5-32B
and 110B models adopted GQA; Qwen2 and Qwen2.5 then used GQA across their model scales [20, 476, 533, 370].
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The larger dense DeepSeek LLM [30] explored a relatively deeper and narrower configuration. The resulting ecosystem
shared a recognizable dense baseline while varying its attention cost, training transparency, task specialization, and
deployment target.

Diversification of Capacity and State. Sparse capacity developed in parallel and later became a prominent alternative
to dense scaling. Switch Transformer [96], GLaM [86], and CPM-2 [568] demonstrated token-routed MoE models
at large total parameter counts, although they differed in backbone and routing configuration. OpenMoE [530] made
model weights, training code, and routing analysis available, while Mixtral [312, 313] made sparse MoE available as a
general-purpose open-weight model family. DeepSeekMoE [68] divided experts more finely and separated shared from
routed experts; DeepSeek-V2 [73] retained this expert organization while adding Multi-head Latent Attention (MLA) to
compress the inference-time KV representation. Other open efforts investigated dense-to-MoE upcycling [533, 173],
sparsity in both attention and feed-forward computation [435], and fully released training artifacts [320]. Thus, the
MOoE line progressed from demonstrating sparse scaling to refining routing, state cost, initialization, and reproducibility.

Efficiency constraints also produced two departures from the large dense decoder. First, compact and on-device families
used smaller models as testbeds for training and memory-efficient mechanisms. Successive Gemma releases added
interleaved local—global attention and related stabilization choices [467, 112, 126], while MiniCPM combined scale-
transfer methods with ML A, extended positional encoding, and sparse attention in later versions [173, 340, 304, 341].
MiMo [278], openPangu Embedded [47], and GPT-OSS [339] further illustrate that compact or low-active-parameter
models can incorporate auxiliary prediction, controllable inference, or mixed local—global attention rather than merely
shrinking a conventional backbone. Second, recurrent and hybrid models reconsidered how sequence history is
represented. Griffin [72], Jamba [263], Hymba [83], and the Nemotron-H family [331, 332] combined attention with
recurrent sequence operators at layer or head level, whereas Falcon Mamba [592] removed attention entirely. Later
systems extended hybrid processing through Gated DeltaNet [477, 39], Kimi Delta Attention [471], and Lightning
Attention [249, 306]. These designs illustrate compact recurrent state and selective access to explicit token-level history
as distinct, and potentially complementary, approaches to reducing long-sequence cost.

Joint Configuration of Capacity, State, and Prediction. From late 2024 onward, leading open-weight families
increasingly combined several of these directions within a single backbone. DeepSeek-V3 [269] joined fine-grained MoE
routing and shared experts with MLA and an auxiliary multi-token-prediction module; DeepSeek-R1 [74] adapted the
resulting backbone for reinforcement-learning-based reasoning, and DeepSeek-V3.2 [75] added sparse token selection
on top of MLA. Other families combined sparse capacity with different attention, recurrent, residual, normalization, or
prediction mechanisms, including Qwen3 [371], LLaMA 4 [297], Kimi K2 [469], GLM-4.5 [479], LongCat-Flash [474],
Ling-1T [267], openPangu Ultra-MoE [463], Mistral Large 3 [314], and MiMo-V2-Flash [279]. The subsequent
models catalogued in Tables 13 and 14 continue this diversification through sparse or hybrid attention, recurrent state,
auxiliary prediction, and multimodal extensions. The historical trajectory is therefore better characterized as a shift
from establishing a common dense backbone to configuring capacity, state, and prediction jointly. The next subsection
examines the recurring architectural patterns produced by this shift.

14.2 Recurring Architectural Design Patterns

The historical shifts above produced several configurations that recur across otherwise distinct model families. These
patterns are defined by combinations of architectural choices rather than by individual components: each addresses a
system-level constraint through coordinated choices concerning parameter capacity, sequence processing, retained state,
or the prediction objective. They are neither exhaustive nor mutually exclusive, and a single model may instantiate more
than one pattern.

14.2.1 Canonical Dense Decoders

The canonical dense pattern combines a decoder-only Transformer with dense feed-forward blocks and a fixed layer
schedule. Within this broad configuration, Pre-RMSNorm, SwiGLU, and RoPE became common ways to specify
normalization, feature gating, and positional interaction without altering the uniform token-to-layer schedule. The
LLaMA family [486, 487, 295, 296] established a prominent instance of this design. Across successive releases, the
family changed model and data scale, vocabulary, context length, and attention grouping without replacing the basic
dense computation path. Related configurations then recurred across other model families. This persistence identifies the
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pattern empirically as a common reference configuration, although recurrence alone does not explain why it remained
useful.

A structural explanation begins with the uniform computation path. Every token traverses the same sequence of attention
and dense feed-forward blocks, so the operator schedule and parameterized modules are fixed independently of the input.
At the same time, individual components can vary without reorganizing the entire backbone. LLaMA 2 used MHA in
its smaller variants and GQA in the 70B model, whereas LLaMA 3 applied GQA across its released scales [487, 295].
Mistral [205] combined GQA with sliding-window attention and a rolling KV cache, bounding the explicit attention
span at each layer while retaining dense feed-forward computation. The dense Qwen2 and Qwen2.5 families [533, 370]
likewise used GQA across model scales. These alternatives change the number of key—value heads or the set of past
positions available to attention, but not the fixed traversal of dense parameter blocks. The regular execution graph
and stable interfaces among attention, feed-forward, and residual components help explain the pattern’s value for
implementation and architectural comparison. Model releases do not, however, isolate the causal contribution of these
properties to adoption; the pattern is therefore a persistent reference configuration rather than evidence of a universally
optimal design.

14.2.2 Sparse Capacity with Compressed Attention State

Large decoders face at least two distinct scaling pressures. Increasing feed-forward capacity enlarges the parameter set
and the cost of applying it, whereas long-context decoding increases the attention state stored and accessed for each
generated token. Sparse MoE and efficient attention act on these pressures at different locations. MoE routing selects
a small subset of experts for each token, decoupling total parameter capacity from the parameters activated on that
token. KV compression, local attention, and sparse token selection instead change the representation or retrieval of
sequence history. A model can therefore increase total capacity without proportionally increasing per-token feed-forward
computation, yet this alone does not reduce its attention cache; conversely, compressing the cache does not make a
dense feed-forward block sparse.

DeepSeek-V2 [73] is a clear joint instance. It combines the fine-grained routed experts and shared-expert isolation
developed in DeepSeekMoE [68] with Multi-head Latent Attention (MLA), which stores a lower-dimensional latent
representation rather than separate full key—value states for every attention head. DeepSeek-V3 [269] retains the
MoE-MLA pairing, while DeepSeek-V3.2 [75] additionally restricts which past states are selected by attention.
Kimi K2 [469], openPangu Ultra-MoE [463], Mistral Large 3 [314], GLM-4.7-Flash [549], and GLM-5 [122] instantiate
related MoE-MLA configurations, whereas GLM-4.5 [479] pairs its fine-grained MoE with GQA (with partial RoPE
and QK-Norm) rather than latent KV compression. MiMo-V2-Flash [279] illustrates a different pairing by combining
sparse feed-forward capacity with alternating local and global attention rather than latent KV compression.

These combinations should not be read as a single indivisible recipe. Expert routing introduces load-balancing,
communication, and batching constraints, whereas compressed or selective attention changes memory traffic, retrieval
resolution, and kernel requirements. Their recurrence instead reflects a systems-level decomposition: active parameters
and retained history are separate resource budgets that often become binding in the same large model. Configuring them
jointly can redistribute training and serving costs, but the co-occurrence of two mechanisms does not by itself establish
that either improves the modeling quality of the other.

14.2.3 Hybrid Sequence and State Processing

Hybrid sequence architectures have been pursued for two related but distinct reasons. The first is computational:
replacing most softmax-attention layers with recurrent or linear operators can reduce context-dependent state and
decoding cost. The second is functional: explicit attention and recurrent state provide different forms of access to history,
motivating designs that retain both rather than treating either operator as a universal replacement. On a controlled set
of in-context learning tasks, MambaFormer [347] reports complementary failure modes for Mamba and Transformer
models and finds that their combination improves tasks on which either model alone struggles. This result provides
task-specific evidence for complementarity, not a general ordering of the two operator classes. More broadly, the
computational and functional motivations often coincide, but an efficiency-oriented hybrid does not by itself establish a
modeling benefit.

Attention retains past token states in an explicitly addressable memory and selects among them at read time. Recurrent,
state-space, and linear-attention operators instead update a compact state as the sequence is processed, moving part of
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the selection or compression decision to state construction. Hybrid design therefore concerns where explicit retrieval is
retained, where history is compressed, and how the two representations exchange information. A model may resolve
these choices across layers, within a layer, or by converting a pretrained attention backbone after pre-training.

Layer-wise Composition. One topology assigns the operators to different layers. Griffin [72] mixes RG-LRU
recurrent blocks with local attention, so recurrent updates carry information beyond the local attention window while
selected layers retain explicit short-range retrieval. Jamba [263, 468] interleaves Transformer and Mamba layers and
independently places MoE layers within the stack. Its design separates three choices that are sometimes conflated: the
ratio of attention to recurrent layers, the placement of sparse feed-forward capacity, and the resulting memory—throughput
profile. Nemotron-H and Nemotron 3 [331, 332, 330], Qwen3-Next [477, 39], and Kimi Linear [471] adopt related
layer-wise compositions using Mamba-2, Gated DeltaNet, or Kimi Delta Attention together with a smaller number of
attention layers. These systems share a layer-wise topology, but their recurrent updates and attention mechanisms are
not interchangeable.

Within-layer Composition. A second topology combines operators within the same layer. Hymba [83] executes
attention and state-space heads in parallel, allowing each layer to form both a high-resolution attention output and
a compact recurrent summary before merging them. It further combines this hybrid-head arrangement with partial
sliding-window attention and cross-layer KV sharing, showing that operator topology and cache compression can be
configured separately. Layer-wise interleaving and within-layer parallelism impose different interfaces: the former
passes representations sequentially between operator types, whereas the latter requires their outputs to be compatible at
every hybrid layer. Thus, both are hybrids, but they place the interaction between explicit retrieval and recurrent state at
different points in the residual computation.

Conversion from Pretrained Attention. Hybridization need not begin during pre-training. LoLCATSs [560] replaces
pretrained softmax-attention modules with linear attention through attention transfer, which trains the replacement to
match the original attention outputs, and then uses low-rank adaptation to compensate for the remaining approximation
error. This conversion route treats hybrid or linearized processing as a modification of an existing dense checkpoint
rather than as a backbone trained from scratch. It lowers the training barrier to changing the sequence operator, but it
also introduces a distinct objective: preserving the behavior of the original attention module under an approximate
replacement.

Resource and Systems Boundary. The resource consequence depends on how much softmax attention remains.
Recurrent or linear layers can update fixed-size state without adding a new key—value pair at every time step, whereas
retained attention layers still require explicit history according to their attention policy. A hybrid therefore reduces, but
does not generally eliminate, context-dependent cache growth. Its realized efficiency also depends on numerical behavior,
memory access, kernels, prefix caching, and compatibility with decoding procedures. The MiniMax line makes this
engineering boundary visible: MiniMax-01 [249, 306] combined Lightning Attention with periodic softmax attention,
whereas MiniMax-M2 [308, 453] returned to full softmax attention and attributed the decision partly to evaluation
uncertainty and the less mature infrastructure for efficient attention, and MiniMax-M3 [311] subsequently moved to
block-sparse MSA attention (Sec. 5.1), showing that such decisions are revisited as evaluation and infrastructure mature.
Hybrid sequence processing is therefore a family of trade-offs over retrieval, compression, and implementation maturity
rather than a uniform replacement for attention.

14.2.4 Prediction-Augmented Backbones

Prediction-augmented backbones modify the training signal while retaining autoregressive generation as the primary
modeling framework. Standard next-token prediction supervises each representation through the immediately following
token. Multi-token prediction (MTP) adds objectives or modules for additional future positions, exposing the backbone
to a longer prediction horizon during training. This axis is largely orthogonal to whether the backbone is dense or sparse
and to how it represents history: an auxiliary predictor can be attached after representations produced by full attention,
compressed attention, or a hybrid sequence stack.

DeepSeek-V3 combines an MTP module with its MOE-MLA backbone [269]; MiMo-7B applies an additional MTP
objective to a compact dense decoder [278]; and LongCat-Flash and MiMo-V2-Flash attach MTP modules to sparse
backbones with different attention configurations [474, 279]. These examples establish compatibility across backbone
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types, but they do not imply that MTP serves the same function as the accompanying attention or routing mechanism.
Sparse capacity changes which parameters process a token, efficient attention changes which historical state is retained
or retrieved, and MTP changes which future targets supervise the representation.

This distinction also separates architectural prediction augmentation from later stages of model development. Reasoning-
oriented post-training changes the behavior optimized during supervised fine-tuning or reinforcement learning; switchable
thinking modes control how a trained model allocates generation-time reasoning; and speculative decoding uses a
proposal-and-verification procedure to accelerate inference. MTP outputs can sometimes supply tentative future tokens
or features to such a procedure, but an auxiliary prediction head does not by itself define how outputs are verified or
committed. Prediction augmentation is therefore best understood as a reusable backbone extension whose inference-time
role depends on the surrounding training and decoding system.

The four patterns overlap increasingly in recent systems. A single backbone may combine sparse parameter activation,
compressed or recurrent state, heterogeneous sequence operators, and auxiliary prediction while retaining the
normalization, activation, and residual conventions of the canonical dense decoder. The model comparisons in Tables 13
and 14 document these concrete configurations. Their overlap also motivates the unified view developed in the following
section: modern architectures are better understood through the computational assumptions that their components
jointly preserve or modify than through a list of independently selected modules.
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Table 13: Architectural comparison of renowned dense LLMs. Time Mixing denotes the attention variant: MHA (Multi-head Attention), MQA (Multi-query
Attention), GQA (Grouped-query Attention), and SWA (Sliding Window Attention); hybrid models that mix attention with linear recurrent layers (e.g., RG-LRU or
Mamba) list both mechanisms. Channel Mixing denotes the feed-forward variant. PE denotes the positional encoding scheme. dy is the intermediate size of the
feed-forward sublayer. Vocab. denotes the vocabulary size, taken from the embedding size of the released checkpoints where available and otherwise from the
original paper; minor padding variations across scales within a series are ignored. Models of the same series are placed in adjacent rows. The Release column gives
the initial public release date; rows covering multiple versions show the date of the earliest release. Layers and Size exclude Multi-Token Prediction (MTP) modules;
the MTP column gives the number of MTP modules attached during training (“-" if none). For MoE variants of these models, see Table 14.

Model Size Layers Emb. Size Vocab. dg Time Mixing Channel Mixing  Activation PE Normalization MTP Release Remark
60M 6 512 2048
220M 12 768 3072
TS [381] 770M 24 1024 32128 4096 MHA FFN ReLU/GEGLU T5 Bias Pre-RMSNorm —  Oct 2019 Encoder-decoder
3B 24 1024 16384
11B 24 1024 65536
125M 12 768 3072
350M 24 1024 4096
760M 24 1536 6144
1.3B 24 2048 8192 Alternates dense and banded sparse
GPT-3 [34] 2B 32 2560 50257 10240 MHA/SWA FFN GELU Learned APE Pre-LayerNorm - May 2020 attention
6.7B 32 4096 16384
13B 40 5120 20480
175B 96 12288 49152
2.6B 32 2560 10240
PanGu-a [552] 13.1B 40 5120 40000 20480 MHA FFN GELU Learned APE Pre-LayerNorm — Apr2021 Extra query layer on top for prediction
207B 64 16384 65536
CPM-2 [568] 11B 48 4096 26240 10240 MHA FFN GEGLU T5 Bias Pre-RMSNorm — Jun 2021 Encoder-decoder
. 7.5B 32 4096 16384 .
Jurassic-1 [262] 1788 76 13824 256000 55206 MHA FFN GELU Learned APE Pre-LayerNorm — Aug 2021 Shallower-and-wider than GPT-3
44M 8 512 2048
117™M 12 768 3072
Gopher [380] 411‘7111\3/[ éi égig 32000 g}gg MHA FFN GELU Transformer-XL Pre-RMSNorm —  Dec 2021
7.1B 32 4096 16384
280B 80 16384 65536
1.7B 24 2048 8192
GLaM [86] 8.7B 32 4096 256000 16384 MHA FFN GEGLU  Transformer-XL Post Layernorm — Dec 2021 Dense baselines of the GLaM MoE study
137B 64 8192 65536
LaMDA [485] 137B 64 8192 32000 65536 MHA FFN GEGLU TS5 Bias Post-LayerNorm — Jan 2022 Dialogue-specialized; tool-augmented
grounding
Chinchilla [168] 70B 80 8192 32000 32768 MHA FFN GELU Transformer-XL Pre-RMSNorm —  Mar 2022
8B 32 4096 16384
PalLM [61] 62B 64 8192 256000 32768 MQA FFN SwiGLU RoPE Pre-LayerNorm —  Apr 2022 Parallel attention+FFN block
540B 118 18432 73728
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Table 13 continued from previous page

Model Size Layers Emb. Size Vocab. dg Time Mixing Channel Mixing  Activation PE Normalization MTP Release
125M 12 768 3072
350M 24 1024 4096
1.3B 24 2048 8192
2.7B 32 2560 10240
OPT [561] 6.7B 32 4096 50272 16384 MHA FFN ReLU Learned APE Pre-LayerNorm —  May 2022 Open replication of GPT-3
13B 40 5120 20480
30B 48 7168 28672
66B 64 9216 36864
175B 96 12288 49152
BLOOM [510] 176B 70 14336 250680 57344 MHA FFN GELU ALiBi Pre-LayerNorm — Jul 2022 LayerNorm after embedding
GLM [551] 130B 70 12288 150528 32768 MHA FFN GEGLU RoPE Post DeepNorm — Aug 2022 Blank-infilling objective; bidirectional
9B 40 4096 13696 . Jun 2024 . . .
GLM-4 [478] 3B 61 6144 151552 23040 GQA FFN SwiGLU RoPE Pre-RMSNorm = Apr202s Partial RoPE; bias only in QKV
125M 12 768 3072
1.3B 24 2048 8192
GAL [466] 6.7B 32 4096 50000 16384 MHA FFN GELU Learned APE Pre-LayerNorm —  Nov 2022
30B 48 7168 28672
120B 96 10240 40960
70M 6 512 2048
160M 12 768 3072
410M 24 1024 4096
Pythia [31] l%fB ég %832 50304 gi g% MHA FFN GELU RoPE Pre-LayerNorm —  Apr2023 Parallel attention+FFN block
2.8B 32 2560 10240
6.9B 32 4096 16384
12B 36 5120 20480
StarCoder [253] 15.5B 40 6144 49152 24576 MQA FFN GELU Learned APE Pre-LayerNorm — May 2023 Code LLM; fill-in-the-middle objective
MPT [475] 7B 32 4096 50432 16384 MHA FFN GELU ALiBi Pre-LayerNorm - May 2023
7B 32 4544 18176 MQA May 2023
Falcon [5] 40B 60 8192 65024 32768 GQA FFN GELU RoPE Pre-LayerNorm — May 2023 Parallel attention+FFN block
180B 80 14848 59392 GQA Sep 2023
Falcon Mamba [592] 7B 64 4096 65024 8192 Mamba Mamba SiLU/SwiGLU NoPE Pre-RMSNorm —  Aug 2024 Pure SSM; no attention layers
7B 32 4096 11008 MHA
LLaMA-2 [487] 13B 40 5120 32000 13824 MHA FFN SwiGLU RoPE Pre-RMSNorm - Jul2023
70B 80 8192 28672 GQA
8B 32 4096 14336 .
LLaMA-3 [295] 708 80 8192 128256 28672 GQA FFN SwiGLU RoPE Pre-RMSNorm - Apr2024
8B 32 4096 14336
LLaMA-3.1 [296] 70B 80 8192 128256 28672 GQA FEN SwiGLU RoPE Pre-RMSNorm - Jul 2024
405B 126 16384 53248
1.8B 24 2048 5504
Qwen [20] 174]; 2(2) g(l)g(G) 151936 } :1‘5282 MHA FFN SwiGLU RoPE Pre-RMSNorm — Aug 2023 Dynamic NTK + LogN attention scaling
72B 80 8192 24576
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Table 13 continued from previous page

Model Size Layers Emb. Size Vocab. dg Time Mixing Channel Mixing  Activation PE Normalization MTP Release Remark
0.5B 24 1024 2816
1.8B 24 2048 5504
4B 40 2560 6912 .
Qwenl.5 [476] 7B 3 2096 151936 11008 MHA FFN SwiGLU RoPE Pre-RMSNorm —  Feb 2024
14B 40 5120 13696
72B 80 8192 24576
0.5B 24 896 4864
1.5B 28 1536 8960 .
Qwen2 [533] 7B 28 3584 151936 18944 GQA FFN SwiGLU RoPE Pre-RMSNorm —  Jun2024
72B 80 8192 29568
0.5B 24 896 4864
1.5B 28 1536 8960
3B 36 2048 11008
Qwen2.5 [370] 7B 28 3584 151936 18944 GQA FFN SwiGLU RoPE Pre-RMSNorm - Sep 2024
14B 48 5120 13824
32B 64 5120 27648
72B 80 8192 29568
0.6B 28 1024 3072
1.7B 28 2048 6144
Qwen3 [371] 4B 36 2560 151936 9728 GQA FFN SwiGLU RoPE QK/Pre-RMSN Apr 2025 Unified thinki thinki di
wen! B 36 4096 12288 wil 0! re- orm - pr nified thinking/non-thinking modes
14B 40 5120 17408
32B 64 5120 25600
0.8B 24 1024 3584
2B 24 2048 6144 . . - ;
Qwen3S3.6(372,373] 4B 32 2560 248320 9216  oed Deltalet FFN SWIGLU RoPE QK/Pre-RMSNorm 1 Feb2026 Covers 3:3/3.6: DeltaNetiattn 3:1: partial
Gated Attention RoPE; multimodal
9B 32 4096 12288
27B 64 5120 17408
Gated DeltaNet/ .
Qwen3.8 [376] 27B 64 5120 248320 17408 X FFN SwiGLU RoPE QK/Pre-RMSNorm 1 Aug2026 Same backbone as Qwen3.5-27B;
Gated Attention .
DeltaNet:attn 3:1; multi-step MTP;
multimodal
. 7B 32 4096 11008 . RoPE .
Baichuan 2 [532] 3B 40 5120 125696 13696 MHA FFN SwiGLU ALiBi Pre-RMSNorm —  Sep 2023 Normalized output head (NormHead)
Mistral [205] 7B 32 4096 32000 14336 GQA+SWA FFN SwiGLU RoPE Pre-RMSNorm —  Sep 2023 SWA window 4096; rolling KV cache
DeepSeek LLM [30] 677]?3 gg g(l)gg 102400 ;;8(1)25 I\(/}[g: FFN SwiGLU RoPE Pre-RMSNorm —  Nov 2023 67B favors depth over width
. 1.2B 52 1536 73440 3840 GQA . Apr 2024
MiniCPM [173] 4B 40 2304 122753 5760 MHA FFN SwiGLU RoPE Pre-RMSNorm = Feb2024
MiniCPM3 [340] 4B 62 2560 73448 6400 MLA FFN SwiGLU LongRoPE Pre-RMSNorm —  Sep 2024
.. 0.5B 24 1024 4096 GQA . Covers 4/4.1; 8B adds InfLLM v2 sparse
MiniCPM4 [304] SB 3 4096 73448 16384 GQA+InfLLM FFN SwiGLU LongRoPE Pre-RMSNorm - Jun2025 attn
.. 1B 24 1536 4608 . May 2026 On-device; think/no-think modes;
MiniCPMS5 [341, 342] 2B 0 2048 130560 6144 GQA FFN SwiGLU RoPE Pre-RMSNorm = Sep2026 SFT—RL—on-policy distillation

continued on next page
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Table 13 continued from previous page

Model Size Layers Emb. Size Vocab. dg Time Mixing Channel Mixing  Activation PE Normalization MTP Release Remark
2B 18 2048 16384 MQA . .
Gemma [467] 7B 28 3072 256000 24576 MHA FFN GEGLU RoPE Pre-RMSNorm — Feb 2024 Tied embeddings
2B 26 2304 9216
Gemma 2 [112] 9B 42 3584 256000 14336 GQA+SWA FFN GEGLU RoPE Pre+Post RMSNorm —  Jun 2024 SWA:global 1:1; logit soft-capping
27B 46 4608 36864
1B 26 1152 6912 MQA+SWA
4B 34 2560 10240 GQA+SWA . .
Gemma 3 [126] 12B 48 3840 262208 15360 GQA+SWA FFN GEGLU RoPE QK/Pre+Post RMSNorm -  Mar 2025 SWA:global 5:1
27B 62 5376 21504 GQA+SWA
12B 48 3840 15360 . .
Gemma 4 [113] 3B 60 5376 262144 21504 GQA+SWA FEN GEGLU RoPE QK/Pre+Post RMSNorm - Mar 2026 SWA:global 5:1
Griffin [72] 14B 40 5120 - 15360 MQA/Recurrent block FFN GEGLU RoPE Pre-RMSNorm —  Feb 2024 RG-LRU:local attn 2:1
8B 32 4096 14336 LLaMA 3 i ized via attent
LoLCATs [560] 70B 80 8192 128256 28672 GQA/Linear FEN SwiGLU RoPE Pre-RMSNorm — Oct2024 trar';‘sfer N ﬁ:;fi’z"' Via attention
405B 126 16384 53248
Hymba [83] 1.5B 32 1600 32001 5504 Mamba/SWA/GQA FFN SwiGLU RoPE Pre-RMSNorm — Nov 2024 Parallel Mamba and attn heads per layer;
meta tokens
8B 52 4096 21504 Ay .
Nemotron-H [331] 47B 98 8192 131072 30720  Mamba-2/GQA FFN SqReLU NoPE Pre-RMSNorm ~ Apraops Mmba l\é’ggn 24:24:4 (8B); 47B
56B 118 8192 32768 ;
9B 56 4480 15680 Mamba-2/FFN/attn 28:28:6; 9B distilled
Nemotron Nano 2 [332] 128 62 5120 131072 20480 Mamba-2/GQA FFN SqReLU NoPE Pre-RMSNorm - Aug2025 from 12B
Nemotron 3 [333] 4B 42 3136 131072 12544 Mamba-2/GQA FFN SqReLU NoPE Pre-RMSNorm —  Mar 2026 Mamba-2/FFN/attn 21:17:4; compressed
from Nemotron Nano 2 (9B)
MiMo [278] 7B 36 4096 151680 11008 GQA FFN SwiGLU RoPE Pre-RMSNorm 1 Apr2025
openPangu Embedded [47] ;g gg 41‘_(5)32 153376 1621;(?0 GQA FFN SwiGLU RoPE Pre-RMSNorm — May 2025 Fast/slow thinking
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Table 14: Architectural comparison of renowned MoE LLMs. Experts column meaning: N |+ M /S means there are N experts always activated, plus M additional
experts selected from S candidates, i.e., a total of N + M experts are activated. For LongCat-Flash [474], 12/(5126256) means each layer contains 512 FFN experts
and 256 zero-computation experts, with exactly 12 experts activated per token (selected from both types). dy is the intermediate width of a single routed expert, taken
from the released configurations (e.g., moe_intermediate_size or expert_ffn_hidden_size); where a model also contains dense FFNs, in leading dense layers
or as a dense path alongside the experts, their width is given in the Remark column. Vocab. denotes the vocabulary size, taken from the embedding size of the
released checkpoints where available and otherwise from the original paper; minor padding variations across scales within a series are ignored. Models of the same
series are placed in adjacent rows. The Release column gives the initial public release date; rows covering multiple versions show the date of the earliest release.

Layers and Size exclude Multi-Token Prediction (MTP) modules; the MTP column gives the number of MTP modules attached during training (

T3]

if none).

Model Size Layers ~ Emb. Size Vocab.  Experts dg Time Mixing Activation PE Normalization MTP Release Remark
7B-A0.2B 12 768 1/128 2048
. N 26B-A0.7B 24 1024 1/128 2816 . Encoder-decoder; top-1
Switch Transformer [96] 395B-A11B 24 4096 32128 1/64 10240 MHA ReLU TS5 Bias Pre-LayerNorm Jan 2021 routing
1.6T-A1B 15 2080 1/2048 6144
CPM-2 [568] 198B-A11B 48 4096 26240 1/32 10240 MHA GEGLU T5 Bias Pre-RMSNorm Jun 2021 Encoder—decoder
105B-A1.9B 24 2048 2/256 8192
GLaM [86] 143B-A9.8B 32 4096 256000 2/64 16384 MHA GEGLU Transformer-XL Post Layernorm Dec 2021 MoE in every other layer
1.2T-A96.6B 64 8192 2/64 32768
OpenMoE [530] 8.7B-A2.6B 16 2048 256384 2/32 8192 MHA SwiGLU RoPE Pre-LayerNorm Aug 2023 UL2 objective; open routing
analysis
o 46.7B-A12.9B 32 4096 2/8 14336 . Dec 2023 First widely adopted open
Mixtral [312, 313] 141B-A39B 56 6144 32000 2/8 16384 GQA SwiGLU RoPE Pre-RMSNorm Apr 2024 SMoE
Mistral Large 3 [314] 675B-A41B 61 7168 131072 14H4/128 4096 MLA SwiGLU RoPE Pre-RMSNorm Dec 2025 Adopts DeepSeek-style
MLA
DeepSeekMoE [68] 16.4B-A2.8B 28 2048 102400 246/64 1408 MHA SwiGLU RoPE Pre-RMSNorm Jan 2024 Fine-grained experts +
shared-expert isolation
DeepSeek-V2 [73] 236B-A21B 60 5120 102400 246/160 1536 MLA SwiGLU RoPE Pre-RMSNorm May 2024 Introduces MLA (low-rank
KV compression)
DeepSeek-V3.x [269] 671B-A37B 61 7168 129280 148/256 2048 MLA SwiGLU RoPE Pre-RMSNorm Dec 2024 Covers V3/V3.1
DeepSeek-R1 [74] 671B-A37B 61 7168 129280 114 8/256 2048 MLA SwiGLU RoPE Pre-RMSNorm Jan 2025 RL reasoning model on the
V3 base
DeepSeek-V3.2 [75] 671B-A37B 61 7168 129280 104 8/256 2048 MLA+DSA SwiGLU RoPE Pre-RMSNorm Sep 2025 DSA sparse attention on top
of MLA
284B-A13B 43 4096 146/256 2048 . CSA/HCA hybrid; mHC
DeepSeek-V4 [76] 1.6T-A49B 61 7168 129280 11)6/384 3072 CSA/HCA SwiGLU RoPE Pre-RMSNorm Jun 2026 residuals
52B-A12B 32 4096 2/16 14336 . Mar 2024 Attn:Mamba 1:7; MoE every
Jamba [263] 398B-A94B 7 8192 65536 2/16 24576 Mamba/GQA SwiGLU NoPE Pre-RMSNorm Aug 2024 other layer
JetMoE [435] 8.5B-A2.2B 24 2048 32000 2/8 5632 MoA SwiGLU RoPE Pre-LayerNorm Apr 2024 Sparse routing in both
attention (MoA) and FFN
MiniCPM-MoE [173] 13.6B-A4B 40 2304 122753 2/8 5760 MHA SwiGLU RoPE Pre-RMSNorm Apr 2024 Upcycled from
MiniCPM-2.4B
Qwen?2 [533] 57B-A14B 28 3584 151936 848/64 2560 GQA SwiGLU RoPE Pre-RMSNorm Jun 2024 Upcycled from Qwen2-7B

continued on next page
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Table 14 continued from previous page

Model Size Layers  Emb. Size Vocab.  Experts dg Time Mixing Activation PE Normalization MTP Release Remark
30B-A3B 48 2048 8/128 768 SwiGLU
Qwen3 [371] 235B-A22B 94 4096 151936 8/128 1536 GQA SwiGLU RoPE QK/Pre-RMSNorm — Apr 2025 No shared expert
Qwen3-Next [477, 39 80B-A3B 48 2048151936 11y 10/512 512 Saed DelaNet g ROPE QK/Pre-RMSNorm 1 Sep 2025 DeltaNet:attn 3:1
Gated Attention
35B-A3B 40 2048 148/256 512 Gated DeltaNet/ Covers 3.5/3.6;
Qwen3.5/3.6 [372, 373] 122B-A10B 48 3072 248320 148/256 1024 Gated Attention SwiGLU RoPE QK/Pre-RMSNorm 1 Feb 2026 DeltaNet:attn 3:1;
397B-A17B 60 4096 114 10/512 1024 multimodal
Qwen3.8-Max [377, 375] 2.4T-A95B 92 8192 248320 11510/512 2048 e DeltaNet gy RoPE QK/Pre-RMSNorm 1 Aug 2026 Built on Qwen3.5;
Gated Attention
DeltaNet:attn 3:1; open
weights text-only, hosted
Max adds vision and 1M ctx
OLMOoE [320] 6.9B-A1.3B 16 2048 50304 8/64 1024 MHA SwiGLU RoPE QK/Pre-RMSNorm —  Sep 2024 Fully open: weights, data,
code
. Lightning Attn . . .
MiniMax-01/M1 [249, 306] 456B-A45.9B 80 6144 200064 2/32 9216 GQA SwiGLU RoPE Post DeepNorm — Jan 2025 Lightning:softmax attn 7:1;
M1: RL reasoning variant
MiniMax-M2.x [308, 307, 309, 310] 230B-A10B 62 3072 200064  8/256 1536 GQA SwiGLU RoPE QK/Pre-RMSNorm 3 Oct 2025 Covers M2-M2.7; back to
full softmax attention
MiniMax-M3 [311, 305] 428B-A23B 60 6144 200064 1l44/128 3072  GQA+MSA SwiGLU RoPE QK/Pre-RMSNorm 7 Jun 2026 Multimodal; MSA
block-sparse attn; clamped
SwiGLU; 3 dense layers
109B-A17B 48 5120 141/16 8192 . . Maverick alternates MoE
LLaMA 4 [297] 400B-A17B 48 5120 202048 161/128 8192 GQA SwiGLU iRoPE Pre-RMSNorm - Apr2025 and dense (di=16384)
layers
openPangu Ultra-MoE [463] 718B-A39B 61 7680 153600 114 8/256 2048 MLA SwiGLU RoPE Pre+Post RMSNorm 1 May 2025 Sandwich-Norm; first 3
layers dense
openPangu-R [181] 74B-A15B 50 4608 153600 2148/80 1280 GQA SwiGLU RoPE K/Pre+Post RMSNorm 1 Dec 2025 Sandwich-Norm; K-Norm;
first 4 layers dense
openPangu-2.0-Flash [182] 92B-A6B 46 2560 151552 1148/256 1024 MLA+DSA/SWA SwiGLU RoPE Pre+Post RMSNorm 3 Jun 2026 DSA:SWA 1:2; mHC
Kimi K2.x [469, 470, 315, 316] 1.04T-A32.6B 61 7168 163840 11+8/384 2048 MLA SwiGLU RoPE Pre-RMSNorm —  Jul 2025 Covers K2-K2.7-Code;
V3-style backbone with
halved attention heads;
multimodal from K2.5
Kimi Linear [471] 48B-A3B 27 2304 163840 1148/256 1024 KDA/MLA SwiGLU NoPE Pre-RMSNorm —  Oct 2025 KDA:MLA 3:1
Kimi K3 [317] 2.8T-A104B 93 7168 163840 214 16/896 3072 KDA/Gated MLA  SiTU-GLU NoPE Pre-RMSNorm 1 Jul2026 KDA:Gated MLA 3:1;
AttnRes; latent MoE;
multimodal
106B-A12B 46 4096 148/128 1408 . Pre-RMSNorm Air/4.5/4.6/4.7; 355B adds
GLM-4.x [479] 355B-A32B ” si0 152 1s8/160 1536 GQA SwiGLU RoPE QK/Pre-RMSNorm 1 7912025 (o Norm
GLM-4.7-Flash [549] 30B-A3B 47 2048 154880 14/64 1536 MLA SwiGLU RoPE Pre-RMSNorm 1 Jan 2026 Lightweight local

coding/agent variant

continued on next page
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Table 14 continued from previous page

Model Size Layers  Emb. Size Vocab.  Experts dg Time Mixing Activation PE Normalization MTP Release Remark

GLM-5.x [122, 480, 481] 753B-A40B 78 6144 154880 1048/256 2048 MLA+DSA SwiGLU RoPE Pre-RMSNorm Feb 2026 Covers 5/5.1/5.2/5.3; first 3
layers dense; 5.2 adds
IndexShare; 5.3 scales
post-training on the 5.2 base

21B-A3.6B 24 2880 4/32 2880 GQA SwiGLU RoPE Pre-RMSNorm Clamped SwiGLU;

GPT-0SS [339] 117B-A5.1B 36 2880 201088 4 o8 2880 GOA SWIiGLU RoPE Pre-RMSNorm Aug 2025 Gya:full 1:1; attention sinks

Grok 2.5 [516] 270B-A115B 64 8192 131072 2/8 16384 GQA SwiGLU RoPE Pre-RMSNorm Aug 2025 Shared dense FFN in
parallel with routed experts

LongCat-Flash [474] 560B-A27B 28 6144 131072 12/(5126256) 2048 MLA SwiGLU RoPE QK/Pre-RMSNorm Sep 2025 Shortcut-connected MoE;
dense FFN (dg=12288) in
every block

LongCat-Flash-Lite [292] 68.5B-A3B 14 3072 131072 12/(2569128) 1024 MLA SwiGLU RoPE QK/Pre-RMSNorm Jan 2026 +30B N-gram embeddings;
dense FFN (dg=6144) in
every block

LongCat-2.0 [291] 1.6T-A48B 38 8192 163840 12/(768®128) 122887  MLA+LSA SwiGLU RoPE QK/Pre-RMSNorm Jun 2026 +135B N-gram embeddings;
LSA; "dense-path width,
expert width to be confirmed

Ling-1T [267] IT-A50B  4Dense76MoE 8197 157184 1148/256 2048 GQA SwiGLU RoPE QK/Pre-RMSNorm Oct 2025 Aux-loss-free sigmoid
routing; 4 leading dense
layers (dg=18432)

Ring-1T [473] IT-AS0B  4Pense 76MoE 8197 157184 1148/256 2048 GQA SwiGLU RoPE QK/Pre-RMSNorm Oct 2025 RL reasoning variant of
Ling-1T; same dense/expert
widths

. 309B-A15B 48 4096 8/256 2048 . Dec 2025 Covers Flash/2.5/2.5-Pro;
- 2 - ’

MiMo-V2.x [279, 521] 1.02T-A42B 70 6144 1276 g3y sy OQAYSWA SwiGLU RoPE Pre-RMSNorm Apr 2026 SWA:global 5:1; first layer

dense
30B-A3B 52 2688 2146/128 1856 Dec 2025 .

Nemotron 3 [330, 334, 335] 120B-A12B 88 4096 131072 2522/512 2688 Mamba-2/GQA  SqReLU NoPE Pre-RMSNorm Mar 2026 g’[am%ﬁﬁ a“‘gg’ﬁ"f:{g‘%

550B-A55B 108 8192 21422/512 5120 Jun 2026 >UPeritra add fatent Mo

Gemma 4 [113] 26B-A4B 30 2816 262144 8/128 704 GQA+SWA GEGLU RoPE QK/Pre+Post RMSNorm Mar 2026 Dense FEN in parallel with
experts; SWA:global 5:1

Hy3 [482] 295B-A21B 80 4096 120832 148/192 1536 GQA SwiGLU RoPE QK/Pre-RMSNorm Jul 2026 Fast/slow thinking fusion;
256K ctx

Hy4 preview [483] 770B-A49B 78 6144 120832 14 8/256 2048 Gated MLA+DSA Clamped SwiGLU RoPE Pre-RMSNorm Aug 2026 First layer dense;
IndexCache; iHC residuals
(4 streams); attention sinks;
IM ctx

Inkling [484] 975B-A41B 66 6144 201024 214 6/256 3072 GQA+SWA SwiGLU Inkling RPE QK/Pre-RMSNorm Jul 2026 SWA:global 5:1; QKV short

conv; expert sinks;
multimodal
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15 Beyond Components: A Unified View of Architectural Design

The preceding sections organized language model architectures primarily by components and technical families,
including efficient attention and KV cache management (Sec. 5), linear sequence operators (Sec. 6), mixture of experts
layers (Sec. 7), activation functions (Sec. 8), normalization (Sec. 9), positional encoding (Sec. 10), tokenization (Sec. 11),
multi-token prediction and speculative decoding (Sec. 12), and adaptive and recurrent depth (Sec. 13). This organization
is useful for understanding individual mechanisms, but it can obscure the broader assumptions about computational
structure that different mechanisms preserve, refine, or relax.

This section provides a complementary reading of these architectural families by asking which assumptions of the
canonical decoder they reconsider. Tokenization and positional encoding jointly define the sequence interface through
which computation is organized. Mixture-of-experts layers change which parameters are activated for a given input,
while early-exit and recurrent-depth models vary how much computation is allocated to it. Activation functions,
normalization, and residual design refine the transformations performed along an active computational path and how
these transformations compose across depth. KV compression and linear or recurrent sequence operators offer alternative
answers to how history is represented and updated. Multi-token prediction and speculative execution distinguish how far
ahead a representation is trained to predict from when tentative outputs are committed. We organize these developments
into four broad architectural directions—processing structure, transformation dynamics, state management, and output
commitment—and into the more concrete design dimensions summarized in Table 15. These dimensions are analytically
distinct but not mutually exclusive, and a single mechanism may modify several of them simultaneously.

15.1 The Canonical Computational Structure and Its Implicit Design Assumptions

A standard decoder-only Transformer (Sec. 4) processes a fixed tokenization through a predetermined stack of
parameterized layers. At a given layer, every token is processed by the same dense parameter blocks, although its
attention weights, activations, and hidden representations remain input dependent. During incremental generation,
the model retains layer-wise token-level key and value states in a growing KV cache. Each forward pass produces a
next-token distribution, after which one token is selected and incorporated into the subsequent decoding state. These
choices embody assumptions not only about local operators, but also about how representation, computation, state, and
generation should be organized.

At a high level, these assumptions fall into four groups. First, the canonical decoder uses a fixed processing structure:
the representation unit, active parameter blocks, layer schedule, and nominal computation assigned to each token are
largely fixed independently of its content or difficulty. Second, it uses a fixed transformation and composition scheme:
each block applies a predetermined nonlinear transformation within a fixed normalization and residual structure through
which signals and gradients propagate. Third, it uses explicit history and append-only state: historical information
is retained at token-level resolution, while the decoder state normally grows by appending finalized representations.
Fourth, it uses one-step prediction and immediate commitment: each hidden state is primarily trained to predict the next
token, and that prediction is committed before longer continuations are constructed or compared.

These assumptions define four broad architectural questions concerning how computation is organized, how transforma-
tions are expressed and composed, how historical state is represented and updated, and how future outputs are predicted
and committed. Table 15 decomposes these questions into more concrete design dimensions.

15.2 Design Directions Beyond the Canonical Decoder

Following the four broader directions of architectural change, we summarize the corresponding design dimensions and
associated methods introduced in the preceding sections, while clarifying the distinctions among closely related choices.

15.2.1 Flexible and Conditional Processing

A common trend across recent decoder architectures is the relaxation of uniform processing: the same computational
structure no longer needs to be applied identically across all tokens, layers, or inputs. This relaxation ranges from
structural heterogeneity, where different components are assigned different roles by design, to conditional processing,
where those choices depend on the input or model state. Viewed along this spectrum, flexibility emerges in four related
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Architectural Design dimension Canonical assumption Alternative design Involved components
direction
Flexible and Sequence interface A fixed tokenization and Finer, multi-scale, or Tokenizer, embeddings and
conditional positional scheme define adaptive units; alternative vocabulary, positional
processing the units and coordinates of positional structures. encoding (Secs. 10 and 11)
computation.
Operator A uniform sequence-mixing Heterogeneous sequence Hybrid composition of
assignment operator is repeated across — operators across layers or attention and alternative
layers. heads. sequence operators (Secs. 5
and 6)
Parameter Every token activates the  Input-dependent routing  Dense or shared blocks, router,
activation same dense parameter among specialized and experts (Sec. 7)
blocks. parameter modules.
Computation Each token follows a fixed Reduced, conditional, or  Early exit, conditional-depth
allocation computation path and recurrent depth; routing, recurrent refinement,
receives a predetermined  redistribution of drafter—verifier computation
amount of processing. computation across tokens (Secs. 12 and 13)
or generation stages.
Refined trans- Local nonlinearity A fixed FFN Alternative nonlinearities Feed-forward projections,
formation parameterization (e.g., or gate parameterizations, activations, gating (Sec. 8)
dynamics SwiGLU) is used within such as squared ReLU or
each active block. clamped SwiGLU.
Depth propagation Layers compose through Alternative normalization Normalization, residual
fixed residual and placement, residual pathways (Sec. 9)
normalization pathways. scaling, or gating.
Selective and  History History is retained as Selective, compressed, Sequence operator, KV cache,
flexible state  representation individually accessible recurrent, or hybrid recurrent state (Secs. 5 and 6)
management token-level states. history.
State update State grows append-only, ~ Compression, eviction, Cache and memory
without revising previously merging, branching, or management, branching or
stored representations. rollback. rollback (Secs. 5, 6 and 12)
Lookahead Prediction horizon Each state is optimized to ~ Multi-step, blockwise, or  Prediction heads, auxiliary
and delayed predict the next token only. feature-level prediction.  predictors, and drafters
commitment (Sec. 12)
Output One decision is committed Drafting, parallel Decoding control, candidate
commitment per forward pass. verification, delayed management, speculative state

commitment, or revision. handling (Sec. 12)

Table 15: Implicit design assumptions of the canonical decoder and representative directions in which recent architectures
relax or refine them. The first column summarizes broad directions of architectural change, while the design dimensions
distinguish the interface over which computation is defined, the operators and parameters that are activated, the amount
of computation allocated, the dynamics of transformation and state propagation, and the timing of prediction and
commitment. These dimensions are not mutually exclusive, and a single mechanism may affect several of them
simultaneously.

dimensions: the units and coordinates over which computation is defined, the sequence operators used to process them,
the parameter modules that are activated, and the amount of computation that is allocated.

The first two dimensions determine the structure through which information is processed. At the sequence interface,
the canonical decoder applies a fixed tokenization and positional scheme uniformly, whereas recent designs explore
finer, multi-scale, or adaptive units together with alternative positional structures (Secs. 10 and 11). A similar departure
from uniformity appears in operator assignment. instead of repeatedly applying the same class of sequence-mixing
operator, hybrid architectures combine different operators across layers or heads, for example quadratic attention with
linear or recurrent alternatives (Sec. 14). Together, these developments make representation and interaction structures
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more heterogeneous or conditional, allowing the organization and flow of information to vary rather than being fixed
uniformly by the architecture.

The other two dimensions concern conditional use of model capacity and computation. Parameter activation determines
which parameterized modules are used, as in mixture of experts architectures that route inputs among specialized
modules (Sec. 7). Computation allocation instead determines how much processing is performed and where it is
assigned. Variable-depth methods may reduce computation through early exit or layer skipping, redistribute it across
tokens through conditional depth, or increase it through recurrent refinement (Sec. 13); speculative decoding redistributes
computation across drafting and verification stages (Sec. 12). These mechanisms replace a fixed computation path with
one that can contract, expand, or redistribute processing according to the input or generation process.

Across these four dimensions, flexibility therefore ranges from static heterogeneity in the processing structure to dynamic,
input-dependent allocation of parameters and computation. The common trade-off is that relaxing a uniform processing
pattern can reduce the regularity that makes dense Transformers efficient to train and serve, introducing additional
overheads in routing, batching, and irregular execution.

15.2.2 Refined Transformation Dynamics

A second direction preserves the broad computational path while refining the transformations performed within it
toward greater expressivity, selectivity, and more effective propagation across depth. The local nonlinearity dimension
concerns the nonlinear operations applied within an active block. Changes to the baseline FFN nonlinearity or gating
parameterization modify feature interactions, information transmission, and local expressivity without changing the
overall computational path or the number of executed blocks (Sec. 8).

The depth propagation dimension instead concerns how these transformations evolve and compose across the layer
stack. Normalization placement, residual scaling, and gated residual pathways shape the propagation of representations
and gradients, as well as how successive transformations accumulate across depth (Sec. 9). This distinguishes depth
propagation from computation allocation: adaptive-depth mechanisms determine how many transformations are
executed, whereas normalization and residual design govern how a given sequence of transformations is composed.

15.2.3 Selective and Flexible State Management

A third departure from the canonical decoder concerns how past computation is retained and managed. Rather than
treating history as a uniformly preserved, append-only record, recent architectures increasingly make state selective in
what it stores and flexible in how that stored information can evolve. This shift spans two related dimensions: history
representation, which determines the form and resolution of retained information, and state update, which determines
the operations permitted on that information over time.

Along the first dimension, KV-compression methods preserve explicit access to past positions while reducing the amount
or redundancy of stored state (Sec. 5), whereas linear recurrent models integrate history into compact representations
(Sec. 6). These approaches differ in both what is stored and when selection occurs. Full-cache attention with sparse
reads selects at retrieval time; permanent KV eviction selects during storage, and KV merging constructs aggregated
entries. Linear recurrent models accumulate history into a compact state as it is constructed. Hybrid architectures
combine the two strategies, preserving explicit access where fine-grained retrieval is useful while maintaining compact
state elsewhere [263, 72, 83].

Flexibility also extends to the lifecycle of the retained state. Conventional KV caching is effectively append-only, but
more adaptive mechanisms may evict, merge, or compress retained states, or branch and discard tentative states during
multi-candidate generation and verification (Sec. 12). Representation and update are therefore distinct design choices: a
recurrent model may strongly compress history while evolving strictly forward, whereas speculative decoding may
retain detailed KV states while creating temporary branches that are later accepted or discarded. The broader trend is
thus from history as a fixed execution trace toward state as a managed computational resource whose content, resolution,
and persistence can be adapted to the needs of subsequent computation.

15.2.4 Lookahead and Delayed Commitment

A further shift concerns how future outputs are represented and finalized during generation. The canonical decoder
tightly couples prediction and commitment: each state predicts the immediate next token, which is then incorporated
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into the sequence before subsequent predictions are made. Recent architectures loosen this coupling by allowing the
model to look farther ahead and by delaying when tentative predictions become part of the persistent decoding state.

These changes operate along two distinct dimensions. The prediction horizon concerns how much of the future a
current representation is trained or structured to predict. Multi-token and block-wise methods extend this horizon
through parallel prediction heads or sequential predictors. The output commitment dimension instead concerns how
proposed continuations are handled before they become part of the accepted sequence. Rather than committing
each token immediately after prediction, speculative decoding introduces tentative continuations that can be drafted
ahead, organized into multiple candidates or trees, evaluated in parallel, and then verified, rejected, or revised before
commitment. The methods reviewed in Sec. 12 collectively span both dimensions.

Together, these developments reflect a broader shift away from the tightly coupled one-step predict-and-commit paradigm
of autoregressive generation. By separating prediction from irreversible state advancement, they expose a larger window
of future computation that can be organized and evaluated before commitment, relaxing the strictly serial execution,
one full target-model pass per committed token, that has traditionally constrained autoregressive decoding; with exact
verification, the autoregressive factorization of the target distribution itself is left untouched, so what changes is the
execution schedule, not the dependency structure of the model.

15.3 Interdependencies and Joint Design

The four directions above are analytically distinct but not independent. Changes along one direction can alter the cost,
feasibility, or usefulness of choices along another, so architectural design is better understood as a joint configuration
than as the independent optimization of isolated components. The recurring configurations identified in Sec. 14.2 show
that these dimensions are combined in model backbones rather than selected in isolation. The architectures cited below
illustrate representative joint configurations adopted in practice; their use should not be interpreted as evidence that
these configurations are optimal. The purpose here is not to catalogue those configurations again, but to examine the
dependencies that make particular combinations consequential.

Operator assignment shapes history representation. Operator assignment directly changes the form in which
sequence history is retained. Attention preserves explicitly addressable token-level key—value states, whereas recurrent
or linear operators update a compressed state as the sequence is processed. Hybrid architectures assign these forms of
history representation to different layers or heads. Jamba interleaves attention and recurrent layers [263, 468], while
Hymba combines attention and state-space heads within each layer together with additional KV-sharing mechanisms [83].
These architectures thereby instantiate different mixtures of explicit and compressed history within a single backbone.

Parameter activation and history representation impose coupled resource demands. Parameter activation and
history representation govern different resource budgets. Sparse MoE layers decouple total parameter capacity from
the parameters activated for each token, whereas compressed or selective attention changes the state retained or
accessed during decoding. DeepSeek-V2 and DeepSeek-V3 combine sparse parameter activation with MLA-based KV
compression [73, 269], providing concrete instances in which these two budgets are configured within one backbone.
The mechanisms remain distinct in the forward computation, but they become coupled at the systems level: expert
routing changes communication and batching behavior, while history representation changes memory traffic, kernel
requirements, and context-dependent state growth. Their joint selection must therefore be evaluated against a shared
resource budget.

Sequence interface shapes history representation and prediction horizon. Changes to the sequence interface
interact directly with both history representation and prediction horizon. Specifically, the representation units define
the scale at which both memory and prediction operate. Finer units increase sequence length and state growth, while
coarser or adaptive units place more information into each sequential state. Consequently, both the cost of retaining
history and the effective extent of a multi-step prediction horizon are relative to the underlying unit system. Context
length, history representation, and prediction horizon should therefore be interpreted and designed jointly rather than
solely in terms of token counts.

Depth propagation is coupled to computation allocation and operator assignment. Computation allocation
depends on transformations remaining effective under variable execution paths. Early exit is useful only if intermediate
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representations become sufficiently informative before the full stack is completed, while layer skipping and conditional
depth require later transformations to operate on representations produced by heterogeneous computational histories.
Recurrent depth imposes a different requirement: repeated application of shared transformations must remain dynamically
stable while continuing to produce meaningful refinement as effective depth increases. Operator assignment introduces
a related challenge, since residual and normalization pathways must compose representations produced by sequence
operators with different mixing and propagation characteristics. Depth propagation is therefore coupled to both
dimensions: changing which transformations are executed, how often they are applied, or how different operators are
arranged changes the conditions under which representations must remain stable and compatible across depth.

Prediction horizon and output commitment affect state update and computation allocation differently. Prediction
horizon and output commitment affect state update in different ways. Training-time MTP extends the future targets
used to supervise a representation, but it does not by itself create provisional decoding states. DeepSeek-V3 provides a
concrete configuration in which an MTP objective coexists with MLA-based history representation and sparse parameter
activation [269], making the corresponding training and resource choices jointly relevant within one backbone. Delayed
output commitment at inference time, by contrast, creates provisional computation beyond the accepted sequence.
Longer drafts or wider candidate trees require temporary states that may need to branch, persist selectively, or be
discarded or rolled back after verification. Compression can reduce this overhead, yet aggressive compression may
make verification or rollback more difficult if relevant information has been removed. Output commitment also interacts
with computation allocation: tentative continuations can be produced with cheaper or shallower computation and
subjected to more expensive processing only when verification is required. This asymmetry further couples computation
allocation to state update because states produced under different amounts of computation must remain usable when
deeper processing or verification is subsequently invoked. History representation, state update, computation allocation,
prediction horizon, and output commitment therefore cannot always be optimized independently.

Architectural choices remain subject to realization constraints. The dimensions above characterize the forward
architecture, but the usable design space is also shaped by training and systems mechanisms. Sparse parameter activation
depends on load balancing, communication, and efficient batching; recurrent or conditional computation allocation
depends on stable optimization and credit assignment across the executed path; and alternative operator assignments
depend on numerical behavior, optimized kernels, caching support, and compatibility with decoding procedures.
The transition from the Lightning-Attention hybrid of MiniMax-01 to the full-attention design of MiniMax-M?2
provides a concrete example: MiniMax attributes the later choice partly to evaluation uncertainty and the relative
immaturity of efficient-attention infrastructure [249, 453], and the subsequent adoption of block-sparse MSA attention
in MiniMax-M3 [311] shows that such decisions are revisited as infrastructure matures. These considerations are not
additional architectural dimensions, but they determine which joint configurations are practical at scale.

More generally, these architectural directions interact through both trade-offs and complementarities. Conditional pa-
rameter activation or computation allocation can reduce executed computation while making routing and communication
more prominent; extended prediction horizons and delayed output commitment can amortize sequential decoding while
introducing drafting, verification, and temporary-state overhead; and compressed or recurrent history representations
can reduce memory growth while changing the cost and flexibility of state access and update. At the same time, a lower
state cost can make a longer prediction horizon, broader branching, or additional refinement affordable, while more
stable depth propagation can support more aggressive conditional or recurrent computation allocation. The value of an
individual mechanism therefore depends not only on the cost it removes, but also on the costs it introduces and the
architectural choices it enables elsewhere.

16 Concluding Remarks

This survey has examined the architectural innovations that are shaping the next generation of large language models.
Starting from the modern Transformer decoder (Sec. 4), we reviewed efficient attention and KV cache management
(Sec. 5), linear language models (Sec. 6), mixture of experts (Sec. 7), activation functions (Sec. 8), normalization and
residual connections (Sec. 9), positional encoding (Sec. 10), tokenization (Sec. 11), multi-token prediction (Sec. 12),
and adaptive and recurrent depth (Sec. 13), and then examined how representative open-weight LLM families combine
these components in practice (Sec. 14). Rather than restating each section, we close by summarizing what the survey as
a whole suggests about where LLM architecture is heading.
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The first observation is that the canonical decoder-only Transformer, with dense feed-forward blocks, a fixed layer
schedule, and the now-standard combination of Pre-RMSNorm, SwiGLU, and RoPE, remains the reference configuration
against which nearly every innovation is defined. Its persistence is plausibly explained by the fact that a uniform
computation path with stable interfaces among attention, feed-forward, and residual components is easy to implement,
scale, and compare, although, as noted in Sec. 14, model releases do not isolate the causal contribution of these
properties to adoption. Most of the developments surveyed here do not discard this backbone. Instead, each selectively
relaxes one of its implicit assumptions about how representation, computation, state, and generation are organized, while
retaining the rest.

Viewed through the unified perspective of Sec. 15, these relaxations cluster into four broad directions. Flexible and
conditional processing loosens the assumption that every token is processed identically: tokenization and positional
encoding redefine the units and coordinates over which computation is defined; hybrid architectures assign heterogeneous
sequence operators across layers or heads; mixture of experts makes parameter activation input-dependent; and early
exit, conditional depth, and looped Transformers make the amount of computation per token adjustable. Refined
transformation dynamics keeps the computational path fixed but improves what happens along it, through gated
activations that shape local nonlinearity and through normalization and residual designs that govern how transformations
compose across depth. Selective and flexible state management replaces the append-only, token-level KV cache with
history that is compressed, selected, recurrent, or hybrid, and whose lifecycle admits eviction, merging, branching,
and rollback. Lookahead and delayed commitment decouples prediction from commitment: multi-token prediction
lengthens the horizon a representation is trained to predict, and speculative verification, a decoding-time procedure
that architectural components such as MTP modules and draft heads are designed to support, defers the point at which
tentative outputs become part of the decoding state.

The second observation is that these directions are increasingly configured jointly rather than adopted in isolation. The
recurring patterns identified in Sec. 14, namely sparse capacity paired with compressed attention state, hybrid sequence
and state processing, and prediction-augmented backbones, are combinations, and their value derives from how the
constituent choices interact. Operator assignment determines the form in which history is represented; sparse parameter
activation and compressed history draw on distinct but coupled resource budgets; the sequence interface sets the scale at
which both memory cost and prediction horizon are measured; and depth propagation must remain stable under variable
execution paths and heterogeneous operators. The benefit of any single mechanism therefore depends not only on the
cost it removes, but also on the costs it introduces and the design choices it enables elsewhere.

The third observation is that the usable design space is bounded by realization constraints as much as by modeling
considerations. Sparse activation depends on load balancing, communication, and batching; recurrent and conditional
depth depend on stable optimization and credit assignment through the executed path; and alternative sequence operators
depend on numerical behavior, optimized kernels, caching support, and compatibility with decoding procedures. The
decision of at least one recent hybrid family to return to full attention, even as others continued to adopt hybrid designs,
before moving on to block-sparse attention in its next generation (Sec. 15), illustrates that infrastructure maturity and
evaluation uncertainty can outweigh efficiency arguments at scale, and that such decisions are revisited as infrastructure
matures. Architectural progress therefore advances hand in hand with training recipes and systems support.

Taken together, these observations suggest that next-generation LLM architectures will be characterized less by a single
replacement for attention or for the dense feed-forward block than by increasingly adaptive allocation of computation,
capacity, state, and prediction across tokens, layers, and time. Several challenges remain open. Scaling laws remain
incomplete for the new axes exposed by this survey: beyond existing laws for routed models in terms of expert count and
granularity [62, 236], prediction horizon, recurrent depth, and state size lack comparable treatment, particularly under
matched training and inference compute. Training methods must keep conditional and recurrent computation stable as it
is scaled. Evaluation protocols should expose the trade-offs among expressiveness, efficiency, and stability rather than
measuring any one in isolation. Meeting these challenges will require sustained interplay between architectural design,
optimization, and systems engineering. We hope this survey offers a structured map of the design space to support that
effort.
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